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NATURALLY GRADED LIE ALGEBRAS (CARNOT ALGEBRAS)
OF SLOW GROWTH
DMITRY V. MILLIONSHCHIKOV
Abstract. A nilpotent Lie algebra g is said to be naturally graded if it is
isomorphic to its associated graded Lie algebra grg with respect to filtration
by ideals of the lower central series. This concept is equivalent to the concept
of the Carnot algebra arising in sub-Riemannian geometry and the geometric
control theory.
We classify finite-dimensional and infinite-dimensional naturally graded Lie
algebras (Carnot algebras) g = ⊕+∞
i=1
gi with properties
[g1, gi] = gi+1, dim gi + dim gi+1 ≤ 3, i ≥ 1.
For growth functions of such Lie algebras, we have the estimate F (n) ≤ 3
2
n+1.
Introduction
Pro-nilpotent Lie algebras are an important and interesting class of Lie algebras,
which generalizes the class of nilpotent Lie algebras. Recall that for the ideals g1 =
g, . . . , gi+1 = [g1, gi], . . . of the lower central series of an arbitrary pro-nilpotent
Lie algebra g, the residual nilpotency condition ∩+∞i=1 g
i = {0}. One can call ”tends
to zero” such a behavior of a ideal gi only with a fair amount of fantasy, for
instance, a free finite-generated Lie algebra is also pro-nilpotent. Nevertheless,
the condition of residual nilpotency is such that the ordinary, finite-dimensional,
nilpotent Lie algebras are pro-nilpotent too. The second part of the definition of
a pro-nilpotent Lie algebra is the condition that all its quotient Lie algebras of
the form g/gi, i = 1, 2, . . . must have finite dimension. This condition allows us to
endow an infinite-dimensional pro-nilpotent Lie algebra g by the topology of the
inverse limit of finite-dimensional spaces.
Let g be a pro-nilpotent Lie algebra. The case when the Lie algebra g is iso-
morphic to its associated graded Lie algebra grg will be the main one for us. We
shall call the Lie algebra g for which g ∼= grg, a naturally graded Lie algebra. In the
finite-dimensional case this definition is equivalent to the definition of the so-called
Carnot algebra. Carnot algebras, as a class of finite-dimensional positively graded
Lie algebras, arise in the study of a number of problems of sub-Riemannian geome-
try and geometric control theory. Recall that a Carnot algebra is a positive-graded
Lie algebra g = ⊕ni=1gi such that
[g1, gi] = gi+1, i = 1, . . . , n− 1, [g1, gi] = 0, i > n.
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Nilpotent naturally graded Lie algebras (Carnot algebras) are the first important
class among nilpotent Lie algebras for one simple reason: an arbitrary nilpotent Lie
algebra g is a filtered deformation of its associated graded Lie algebra grg. Another
important feature of naturally graded Lie algebras is their role in studies related to
the growth of Lie algebras. It is easy to see that in the case of a pro-nilpotent Lie
algebra g, its associated graded Lie algebra grg grows exactly at the same rate as
g.
When studying the growth of infinite-dimensional Lie algebras, we are between
two extreme situations: at one pole there are free Lie algebras with exponential
growth, on the other – the so-called Lie algebras of maximal class (filiform Lie
algebras) that grow slower than all the others. Over the years since Vergne’s publi-
cation [32], filiform Lie algebras (Lie algebras of maximal class) have become a very
popular object among algebraists and not only algebraists. Such attention can be
explained by a number of their properties and applications. Filiform Lie algebras
in a certain sense are generic nilpotent Lie algebras. Also, the Lie algebras of this
class had important applications. In this subsection it is natural to recall Benois’s
paper [3], in which, using a special 11-dimensional graded filiform Lie algebra, he
constructed an example of a nilmanifold that does not admit of any complete left-
invariant affine structure (connection), thereby presenting a counterexample to one
hypothesis Milnor [25].
Attempts were made to generalize, in some reasonable sense, the class of filiform
Lie algebras. Such generalizations were usually based on the concept of the length
of the lower central series, since for the finite-dimensional filiform Lie algebra g
the length s(g) of its lower central series is maximal for a given dimension of Lie
algebras: s(g) = dim g− 1. The class of so-called quasifiliform Lie algebras (s(g) =
dim g− 2) has not greatly extended the supply of examples of Lie algebras close in
properties to filiform [14, 10]. In this paper we propose a generalization of the class
of filiform Lie algebras from the point of view of the growth of Lie algebras. As
we already mentioned above, filiform Lie algebras are the most slowly growing Lie
algebras. We propose to study such Lie algebras that grow ”slightly faster” than
filiform Lie algebras, and are naturally graded.
Zelmanov and Shalev introduced the concept of narrow Lie algebras in [30, 31],
or in other words, the class of positively graded Lie algebras of small width d. A
positively graded Lie algebra g = ⊕igi is called a Lie algebra of width d if there
is a d (minimal with such a property) such that dim gi ≤ d, ∀i ∈ N. The problem
of classifying graded Lie algebras of finite width was outlined by Zel’manov and
Shalev as an important and difficult problem (even ”a formidable challenge” [31]).
Naturally graded Lie algebras can not have width one. The minimum possible
value for their width d(g) is two. But also the classification of naturally graded Lie
algebras of width two seems at the moment an immense task. One can distinguish
among them a subclass of Lie algebras of ”width 32”, that is, Lie algebras satisfying
the following condition of narrowness:
(1) dim gi + dim gi+1 ≤ 3, i ≥ 1.
The present paper is devoted to the classification of naturally graded Lie algebras
of this class.
In conclusion, it should be noted that problems related to narrow and slowly
growing Lie algebras were intensively studied in the case of a field of positive char-
acteristic [5, 6]. Petrogradsky constructed a continuum family of nil restricted Lie
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algebras of slow growth [28]. Another example: let G be the Grigorchuk group and
G = G1 ⊃ G2 ⊃ · · · ⊃ Gn ⊃ . . . its decreasing central series. The corresponding
Lie algebra (Lie ring) LZ2(G) Z2 defined as
LZ2(G) = ⊕
∞
i=1 (Gi/Gi+1)⊗Z Z2, [aiGi+1, bjGj+1] = a
−1
i b
−1
j aibjGi+j+1.
has width two [29] (except the very first component G1/G2 ⊗Z Z2, which is three
dimensional).
The paper is organized as follows. In the first section we give an overview of all
the necessary facts concerning N-graded Lie algebras of width one, i.e. positively
graded Lie algebras g = ⊕+∞i=1 gi with one-dimensional homogeneous components
dim gi = 1. The most interesting examples of such Lie algebras are the positive
part W+ of the Witt algebra (Virasoro) and the maximal nilpotent subalgebras
n1, n2 of the affine Kac-Moody algebras A
(1)
1 and A
(2)
2 , respectively. The simplest
example of a Lie algebra of width one is the Vergne algebra m0 given by its infinite
basis e1, e2, . . . , en, . . . and the structure relations
[e1, ei] = ei+1, i ≥ 2.
The Lie algebra m0 has a natural grading, and m0 is the unique (up to isomorphism)
infinite-dimensional naturally graded Lie algebra of maximal class [32].
All three Lie algebras m0, n1 and n2 are naturally graded, but this is no longer
true for the positive part W+ of the Witt algebra (Virasoro). We show in the
second section that in the real case two different real forms of the complex simple Lie
algebra sl(2,C) generate two nonisomorphic algebras of polynomial loops (currents)
n±1 . These two naturally graded Lie algebras will play an important role in the main
classification theorem of the paper.
In the section 2, naturally graded Lie algebras and their growth are discussed.
The paragraph 3 is devoted to cohomological computations. We discuss central
extensions of naturally graded Lie algebras (Carnot algebras) in the paragraph 3.
We introduce the notion of Carnot expansion, a central extension of a special kind.
It is with the help of Carnot extensions that all Carnot algebras are constructed
inductively. The key lemma of the paragraph 3 is The sentence 3.4 that reduces
the classification Carnot extensions of the Carnot algebra g to the description of
the orbit space of the linear action of the group of graded automorphisms Autgr(g)
on the Grassmannians defined by the subspace of the second cohomologyH2(n+1)(g)
with grading n+1.
We study the groups of graded automorphisms of naturally graded Lie algebras
(Carnot algebras) in the paragraph 4. The paragraph 5 is devoted to the classifica-
tion of Carnot extensions for several important series of Lie algebras. In the section
6 we classify Carnot extensions of finite-dimensional Lie factor-algebras obtained
from mathfrakn±1 and n2. All these three sections are preliminary preparations
for the proof of two main theorems. These two main theorems of this article are:
Theorem 7.1 - the classification of finite-dimensional naturally graded Lie al-
gebras (Carnot algebras) of width 32 , i.e. satisfying the condition (1);
Theorem 8.1 Let g =
⊕+∞
i=1 gi – an infinite-dimensional naturally graded Lie
algebra over K = R,C satisfying the condition (1). Then g is isomorphic to one
and only one Lie algebra from the following list:
n±1 , n2, n
3
2,m0, {m
S
0 , S ⊂ {3, 5, 7, . . . , 2m+1, . . . }.
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where S denotes a subset (possibly infinite) of the set {3, 5, 7, . . .} of odd positive
integers of strictly large unity, and mS0 denotes the central extension of the algebra
Vern m0, defined by a set of two-dimensional cocycles whose gradings coincide with
elements of S. The Lie algebra n32 denotes the one-dimensional central extension
of the Lie algebra n2 defined by the cocycle of natural grading three in the second
cohomology H2(n2).
In Appendix 1 we present tables with bases and structure constants of all finite-
dimensional naturally graded Lie algebras (Carnot algebras) of width 32 , i.e. nat-
urally graded Lie algebras satisfying the property (1). Appendix 2 is devoted to
quasifiliform Lie algebras. In particular, we compare our more general results and
notation with classification results on naturally graded quasifiliform Lie algebras
from [14].
1. Infinite-dimensional N-graded Lie algebras
Definition 1.1. A Lie algebra g is said to be N-graded if there exists a direct sum
decomposition of linear subspaces gi such that
g=
⊕
i∈N
gi, [gi, gj ] ⊂ gi+j , i, j ∈ N.
For the next three infinite-dimensional N-graded Lie algebras g all homogeneous
subspaces gi are one-dimensional. In each homogeneous subspace gi, i ∈ N the basic
vector ei is fixed.
Example 1.2. The Lie algebra m0 is given by commutation relations
[e1, ei] = ei+1, ∀ i ≥ 2.
The remaining commutators of the basis elements vanish [ei, ej] = 0, i, j 6= 1.
Remark. We shall henceforth omit relations of the form [ei, ej ] = 0 in the definitions
of Lie algebras.
Example 1.3. The Lie algebra m2 is given by relations
[e1, ei] = ei+1, ∀ i ≥ 2; [e2, ej ] = ej+2, ∀ j ≥ 3.
Example 1.4. The positive part W+ of the Witt algebra can also be given by
means of its infinite basis and relations
[ei, ej] = (j − i)ei+j , ∀ i, j ∈ N.
All three infinite-dimensional Lie algebras m0,m2,W
+ are generated by two gen-
erators e1, e2 with gradings one and two, respectively.
A. Fialowski presented in the [7] classification N-graded Lie algebras g with one-
dimensional homogeneous components gi that are multiplicatively generated by g1
and g2. To formulate Fialowski’s theorem, we need to give two more examples of
N-graded Lie algebras.
Example 1.5. The Lie algebra n1. We consider an infinite collection of polynomial
matrices of the following form. For each integer k, we define three matrices
e3k+1=
1
2
(
0 tk
0 0
)
, e3k−1=
(
0 0
tk 0
)
, e3k=
1
2
(
tk 0
0 −tk
)
.
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Table 1. Structur constants of the Lie algebra n2.
f8j f8j+1 f8j+2 f8j+3 f8j+4 f8j+5 f8j+6 f8j+7
f8i 0 1 −2 −1 0 1 2 −1
f8i+1 −1 0 1 1 −3 −2 0 1
f8i+2 2 −1 0 0 0 1 −1 0
f8i+3 1 −1 0 0 3 −1 1 −2
f8i+4 0 3 0 −3 0 3 0 −3
f8i+5 −1 2 −1 1 −3 0 0 −1
f8i+6 −2 0 1 −1 0 0 0 1
f8i+7 1 −1 0 2 3 1 −1 0
The linear span of matrices with positive subscripts 〈e1, e2, e3, . . . , en, . . . 〉 Defines
N-graded Lie subalgebra n1 in the algebra of polynomial loops sl(2,K)⊗K[t].
n1 = ⊕
+∞
i=1 〈ei〉 ⊂ sl(2,K)⊗K[t],
where the following relations hold
[ei, ej ] = ci,jei+j , ci,j =


1, if j−i ≡ 1 mod3;
0, if j−i ≡ 0 mod3;
−1, if j−i ≡ −1 mod3.
Example 1.6. The Lie algebra n2. We define an infinite set of polynomial 3× 3-
matrices (see also [16], Exercise 8.12) for non-negative integers k
f8k+1=

0 t2k 00 0 t2k
0 0 0

 , f8k+2=

 0 0 00 0 0
t2k+1 0 0

 , f8k+3=

 0 0 0t2k+1 0 0
0 −t2k+1 0

 ,
f8k+4=

t2k+1 0 00 −2t2k+1 0
0 0 t2k+1

 , f8k+5=

0 t2k+1 00 0 −t2k+1
0 0 0

 ,
f8k+6=

0 0 t2k+10 0 0
0 0 0

 , f8k+7=

 0 0 0t2k+2 0 0
0 t2k+2 0

 , f8k+8=

t2k+2 0 00 0 0
0 0 −t2k+2

 ,
It is easy to compute the pairwise commutators [fq, fl] of these matrices, they are
connected in the following way
[fq, fl] = dq,lfq+l, q, l ∈ N.
Structur constants dq,l are presented in the Table 1.
The matrix (dq,l) is skew-symmetric, and its elements dq,l depend only on the
residues of the numbers q and l modulo 8. In addition, the matrix elements (dq,l)
satisfy the following relations (see [16]):
di,j + dq,l = 0, if i+q ≡ 0 mod 8, j+l ≡ 0 mod 8.
Thus, the infinite-dimensional linear hull 〈f1, f2, f3, . . . 〉 defines a positively
graded subalgebra n2 in the algebra of polynomial loops sl(3,K)⊗K[t]:
n2 = ⊕
+∞
i=1 〈fi〉 ⊂ sl(3,K)⊗K[t],
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Theorem 1.7 (A. Fialowski, [7]). Let g = ⊕+∞i=1 gi – N be a graded Lie algebra
with one-dimensional homogeneous components of gi, i ∈ N, and let the Lie algebra
g = ⊕+∞i=1 gi be generated by components g1 and g2. We choose an infinite basis
e1, e2, e3, . . . of the Lie algebra g such that gi = 〈ei〉 for all i ∈ N.
a) Suppose that [e1, e4] 6= 0 and [e2, e3] 6= 0. If [e3, e4] 6= 0, then g ∼=W
+, and if
the equality [e3, e4] = 0 holds, then g ∼= m2.
b) Let [e2, e3] = 0. If [e3, e4] 6= 0, then g ∼= n2, while the relation [e3, e4] = 0
implies an isomorphism g ∼= m0.
c) Let [e1, e4] = 0. If [e3, e4] 6= 0, then g ∼= n1, in the case [e3, e4] = 0, then
g is isomorphic to a Lie algebra from a multiparameter family N-graded Lie al-
gebras g(λ8, λ12, . . ., λ4k, . . . ) with parameters λ4k ∈ PK
1, k ∈ N. A Lie algebra
g(λ8, λ12, . . ., λ4k, . . . ) of this family is given by commutation relations
[e1, e4] = 0, [e3, e4] = 0, [ei, ej] = 0, i = 2m ≥ 4;
[e1, e4k−1] = α4ke4k, [e2, e4k−2] = β4ke4k, (α4k : β4k) = λ4k ∈ PK
1, k ∈ N,
(2)
where α4k and β4k are homogeneous coordinates of the point λ4k of the projective
line KP1. The remaining commutators can be uniquely reconstructed from the above
formulas. Structural constants are homogeneous polynomials in the parameters α4k
and β4k.
Example 1.8. The Lie algebra g(1, 1, . . . , 1, . . . ) (see [7]) is determined by the
following commutation relations (recall that we do not give a relation of the form
[ei, ej ] = 0):
[e1, e2] = e3, [e1, e3] = e4,
[e1, e2k+1] = [e2, e2k] = e2k+2, k ≥ 2,
[e2, e2k−1] = e2k+1, k ≥ 2.
(3)
Unfortunately, the work [7] contains only a sketch of the proof, and the point c)
of Fialowski’s theorem is the most unclear in this sketch.
In 1992, Benoit gave a negative answer to Milnor’s question [25], who asked
whether there always exists a left-invariant affine structure on a simply-connected
nilpotent group. Benois presented an example of a compact 11-dimensional nilman-
ifold that does not admit of any such complete affine structure. To substantiate
the properties of his example, he constructed 11-dimensional nilpotent Lie algebras
that do not have exact linear representations of dimension 12. In addition, Benoit
[3] classified N-graded Lie algebras ar given by the two generators f1 and f2 of de-
grees 1 and 2, respectively, and two relations [f2, f3] = f5 and [f2, f5] = rf7, where
r denotes an arbitrary scalar, and fi, i ≥ 3, are given inductively by the relation
fi+1 = [f1, fi].
Lemma 1.9 (Benoist, [3]). If r 6= 910 , 1, then ar is a finite-dimensional Lie algebra.
1) Let r = 910 , then ar
∼=W+,
2) Let r = 1, then ar ∼= m2.
3) Let r 6= 0, 910 , 1, 2, 3, then ar is 11-dimensional filiform Lie algebra.
Remark. Later, in [23] it was shown that the case r = 3 leads to the 8-dimensional
filiform Lie algebra (see the definition in the next section), and the cases r = 0, 2
lead to two different 10-dimensional filiform Lie algebras, respectively (r = 1+α2+α in
the notation of [23]).
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A few years later Zelmanov and Shalev proved their theorem on the characteriza-
tion of the Witt algebra [30], but their theorem was a consequence of the Fialowski
classification [7].
2. Naturally graded Lie algebras and the growth
The sequence of ideals of the Lie algebra g
g1 = g ⊃ g2 = [g, g] ⊃ . . . ⊃ gk = [g, gk−1] ⊃ . . .
is called a decreasing (lower) central series of the Lie algebra g.
A Lie algebra g is said to be nilpotent if there exists a natural number s such
that
gs+1 = [g, gs] = 0, gs 6= 0.
The number s is called the nil-index of a nilpotent Lie algebra g, and the Lie algebra
itself g is called a nilpotent Lie algebra of index s or a nilpotent Lie algebra of degree
s.
Let g = ⊕+∞i=1 gi be a finite-dimensional N-graded Lie algebra, i.e. there exists
N ∈ N such that gi = 0, i > N . It is obvious that the Lie algebra g is nilpotent.
Example 2.1. The Lie algebra m0(n), defined by its basis e1, e2, . . . , en with com-
mutation relations
[e1, ei] = ei+1, forall 2 lei len−1,
is finite-dimensional N-graded Lie algebra g = ⊕+∞i=1 gi, where
gi = 〈ei〉, i ≤ n, gi = 0, i > n.
The Lie algebra m0(n) is nilpotent with nil-index s(m0(n)) = n−1.
Proposition 2.2 ([32]). Let g be an n-dimensional nilpotent Lie algebra. Then for
its nil-index s(g) the estimate s(g) ≤ n− 1.
Definition 2.3. A nilpotent n-dimensional Lie algebra g is said to be filiform if its
nil-index is one less than the dimension s = n− 1.
Remark. In the theory of p-groups, the nil-index s(g) of the Lie algebra g is called
the class of the Lie algebra g. In this same terminology, filiform Lie algebras are
called Lie algebras of maximal class [30, 31, 6].
The Lie algebra m0(n), considered above, is filiform.
Definition 2.4. A Lie algebra g is said to be pro-nilpotent if for of the ideals gk
of its lower central series is satisfied
∩∞i=1g
i = {0}, dim g/gi < +∞, ∀i ∈ N.
In this case all its Lie quotients of the form g/gi are finite-dimensional nilpotent
Lie algebras. One can consider the inverse spectrum of finite-dimensional nilpotent
Lie algebras
· · ·
pk+2,k+1
−→ g/gk+1
pk+1,k
−→ g/gk
pk,k−1
−→ · · ·
p3,2
−→ g/g2
p2,1
−→ g/g1,
Denote by ĝ its projective (inverse) limit ĝ = lim
←−
k
g/gk.
We shall call the pro-nilpotent Lie algebra g complete if g ∼= ĝ.
We have a set of projections of the pro-nilpotent Lie algebra g onto its finite-
dimensional quotients
pm : g→ g/g
m, m ∈ N.
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These projections define the topology of the inverse limit of finite-dimensional
spaces on our Lie algebra g, i.e. the weakest topology in which all maps pm are
continuous.
N-graded Lie algebras m0,m2,W
+, considered above are not complete. Their
completions mˆ0, mˆ2, Wˆ
+, are N-graded Lie algebras of the type g =
∏+∞
i=1 gi, spaces
of formal series
∑+∞
i=1 αiei. The completions mˆ0, mˆ2, Wˆ
+ are the inverse limits of
the corresponding finite-dimensional N-graded Lie algebras m0(n),m2(n),W
+(n).
The ideals gk, k ≥ 1, of the lower central series of the pro-nilpotent Lie algebra
g determine a decreasing filtration
g = g1 ⊃ g2 ⊃ · · · ⊃ gk ⊃ gk+1 ⊃ . . . , [gi, gj ] ⊂ gi+j , i, j ∈ N.
Pro-nilpotency is important here in terms of numbering the filter subspaces, in this
case we start it from unity. In the case of a solvable Lie algebra, we would have to
start with a zero index.
Consider the associated graded Lie algebra grg = ⊕+∞i=1
(
gi/gi+1
)
with respect
to this filtration. Its Lie bracket is given by[
x+gi+1, y+gj+1
]
= [x, y]+gi+j+1, x ∈ gi, y ∈ gj .
In view of the foregoing grg will be a N-graded Lie algebra.
Definition 2.5. A Lie algebra g is said to be naturally graded if it is isomorphic to
its associated graded Lie algebra grg. The grading g = ⊕+∞i=1 gi of a naturally graded
Lie algebra g is called a natural gradation if there exists a graded isomorphism
ϕ : grg→ g, ϕ((grg)i) = gi, i ∈ N.
In what follows, by a naturally graded Lie algebra g = ⊕+∞i=1 gi we mean a natu-
rally graded Lie algebra equipped with a natural grading.
The class of pro-nilpotent Lie algebras essentially extends the world of nilpotent
Lie algebras. It is easy to see that the free Lie algebra L(k) generated by k by the
generators a1, . . . , ak is also a pro-nilpotent Lie algebra. Its quotient Lie algebra
L(k,m) = L(k)/Lm+1(k) is a finite-dimensional nilpotent Lie algebra, sometimes
called in the literature a free nilpotent Lie algebra of degree nilpotency m.
The Lie algebra m0(n), considered above, is naturally graded. However, its
natural grading differs in properties from its grading, which we examined at the
very beginning.
(grm0(n))1 = 〈e1, e2〉, (grm0(n))i = 〈ei+1〉, i = 2, . . . , n−1.
Proposition 2.6. Let g be a filiform Lie algebra and grg = ⊕i(grg)i is the cor-
responding associated (relative to filtering ideals of the lower central series) graded
Lie algebra. Then
dim(grg)1 = 2, dim(grg)2 = · · · = dim(grg)n−1 = 1.
Theorem 2.7 (Vergne [32]). Let g = ⊕n−1i=1 gi be a naturally graded n-dimensional
filiform Lie algebra. Then
1) if n = 2k + 1, then g ∼= m0(2k + 1);
2) if n = 2k, then g is isomorphic either to m0(2k), or to the Lie algebra m1(2k),
given by its basis e1, . . . , e2k and commutation relations
[e1, ei] = ei+1, i = 2, . . . , 2k−1; [ej , e2k+1−j ] = (−1)
j+1e2k, j = 2, . . . , k.
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An infinite-dimensional N-graded Lie algebra m0 is also naturally graded, but
the positive part W+ of the Witt algebra and the Lie algebra m2 are not naturally
graded. It is easy to verify the existence of the following isomorphisms
grm2 ∼= grW
+ ∼= grm0 ∼= m0.
From the properties of a descending (lower) central series one can derive one
very important property of natural grading g = ⊕+∞i=1 gi:
[g1, gi] = gi+1, i ∈ N.
In particular, a naturally graded Lie algebra g = ⊕+∞i=1 gi is generated its first
homogeneous component g1.
In sub-Riemannian geometry, control theory, and geometric group theory, finite-
dimensional naturally graded Lie algebras and the corresponding nilpotent Lie
groups play a significant role and are well known as Carnot algebras (Carnot groups)
[15, 26].
Definition 2.8. A finite-dimensional Lie algebra g is called a Carnot algebra if it
has N-grading g = ⊕ni=1gi such that
(4) [g1, gi] = gi+1, i = 1, 2, . . . , n− 1, [g1, gn] = 0.
Remark. In some sources, grading with properties (4) is called the stratification of
the Lie algebra g.
For ideals of the lower central series of the Carnot algebra g,
gk = ⊕ni=kgi, k = 1, . . . , n.
This implies the uniqueness in the natural sense of Carnot’s grading (stratification).
For an arbitrary automorphism f of the Lie algebra g, we have
f(gi) = gi, ∀i ∈ N.
Thus, for an arbitrary automorphism f of a naturally graded Lie algebra (Carnot
algebra) g = ⊕+∞i=1 gi the following property holds
f(⊕+∞i=mgi) = ⊕
+∞
i=mgi, ∀m ∈ N.
This means that, generally speaking, only the filtration {⊕+∞i=mgi,m ∈ N}, con-
structed from the natural grading ( Carnot graduation) is invariant under an arbi-
trary automorphism f .
Definition 2.9. An automorphism f of a naturally graded Lie algebra (Carnot
algebra) g = ⊕+∞i=1 gi is called graded if it is compatible with natural graduation
f(gi) = gi, ∀i ∈ N.
We denote Autgr(g) by the subgroup of graded automorphisms in the group Aut(g)
of all automorphisms of the Lie algebrag.
Let f be an automorphism of a naturally graded Lie algebra (the Carnot algebra)
g = ⊕+∞i=1 gi. One can define the corresponding associated graded automorphism
fgr:
fgr : ⊕
+∞
i=mgi/⊕
+∞
i=m+1 gi → ⊕
+∞
i=mgi/⊕
+∞
i=m+1 gi.
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Figure 1. The natural grading of n1
Example 2.10. Let f be an automorphism of a naturally graded Lie algebram0(n).
It suffices to specify it on the generators e1, e2.
f(e1) = α1e1 + α2e2 + α3e3 + · · ·+ αnen, f(e2) = β2e2 + β3e3 + · · ·+ βnen,
with some constants αi, i = 1, . . . , n, βj , j = 2, . . . , n. For the associated graded
automorphism fgr : m0(n)→ m0(n) we have
fgr(e1) = α1e1 + α2e2, fgr(e2) = β1e1 + β2e2, det
(
α1 β1
α2 β2
)
6= 0.
Continuing this inductive procedure, we obtain the general formula
fgr(ei) = α
i−2
1 β2ei, i ≥ 2, i ∈ N.
Proposition 2.11. The Lie algebras n1, n2 and finite-dimensional quotient Lie
algebras n1/(n1)
k and n2/(n2)
k, over k ∈ N, are naturally graded Lie algebras.
Proof. For the proof we enumerate the vectors of the bases for both Lie algebras.
New bases will be consistent with the natural graduation.
For the Lie algebra n1 we define new basis vectors a2k+1, b2k+1, c2k
a2k+1 = e3k+1, b2k+1 = e3k+2, c2k = e3k, ∀k ∈ Z≥0.
In this basis, the commutation relations are rewritten as follows
(5) [a2k+1, b2l+1] = c2(k+l+1), [c2k, a2l+1] = a2(k+l)+1, [c2k, b2l+1] = −b2(k+l)+1,
It is easy to consistently find the ideals of the lower central series
n2m+11 = 〈a2m+1, b2m+1, c2m+2, . . . , 〉, n
2m
1 = 〈c2m, a2m+1, b2m+1, . . . , 〉.
So, the natural grading is defined as follows
n1 = ⊕
+∞
i=0 n1,i, n1,2m+1 = 〈a2m+1, b2m+1〉, n1,2m = 〈c2m〉
i.e. in this grading homogeneous components with even superscripts are one-
dimensional, and components with odd superscripts are two-dimensional.
For the second Lie algebra n2 we define new basis vectors ai, b6q+1, b6q+5
a6q+1 = e8k+1,
a6q+2 = e8k+3,
a6q+3 = e8k+4,
a6q+4 = e8k+5,
a6q+5 = e8k+6,
a6q+6 = e8k+8,
b6q+1 = e8k+2,
b6q+5 = e8k+7,
Then the natural grading of the Lie algebra n2 is written as
n2 = ⊕
+∞
i=0 n2,i, n2,i = 〈ai, bi〉, i = 6q+2, 6q+5, n2,i = 〈ai〉, i 6= 6q+2, 6q+5.

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Figure 2. Natural grading of n2.
We define the set of matrices for each natural number k
u2k−1 =

 0 t2k−1 0−t2k−1 0 0
0 0 0

 , v±2k−1 =

0 0 00 0 t2k−1
0 ∓t2k−1 0

 , w±2k =

 0 0 t2k0 0
∓t2k 0 0

 .
One can easy verify the following commutation relations
[u2k−1, v
±
2l−1] = w
±
2(k+l)−2, [v
±
2k−1, w
±
2l] = ±u2(k+l)−1, [w
±
2k, u2l+1] = v
±
2(k+l)−1.
The linear span n+1 = 〈u1, v
+
1 , w
+
2 , . . . , u2k+1, v
+
2k+1, w
+
2k+2, . . . 〉 defines a nat-
urally graded Lie subalgebra in so(3,K) ⊗ K[t]. In its turn, other linear span
n−1 =〈u1, v
−
1 , w
−
2 , . . . , u2k+1, v
−
2k+1, w
−
2k+2, . . . 〉 is a naturally graded Lie subalgebra
in the Lie algebra of polynomial loops so(2, 1)⊗K[t].
Lemma 2.12. The Lie algebra n±1 and all finite-dimensional quotients n
±
1 /(n
±
1 )
k, k ≥
5, are isomorphic over C and non isomorphic over R.
Proof. We make a coordinate change in the quotient Lie algebra n−1 /(n
−
1 )
5
e1 = u1, e2 = v
−
1 , e3 = w
−
2 , e4 = −v
−
3 , e5 = −u
−
3 , e6 = −w
−
4 .
The commutation relations of the Lie quotient algebra n−1 /(n
−
1 )
5 will have the form
[e1, e2] = e3, [e1, e3] = e4, [e2, e3] = e5, [e1, e4] = −[e2, e5] = e6.
Consider a basis change in the Lie algebra n+1 /(n
+
1 )
5.
e1 = u1, e2 = v
+
1 , e3 = w
+
2 , e4 = −v
+
3 , e5 = u3, e6 = −w
+
4 .
The commutation relations of the Lie algebra n+1 /(n
+
1 )
5 will look like this
[e1, e2] = e3, [e1, e3] = e4, [e2, e3] = e5, [e1, e4] = [e2, e5] = e6.
Thus, we see that the structure constants of the Lie algebras n±1 /(n
±
1 )
5 differ only
by the sign before e6 in the relation [e2, e5] = ±e6. This circumstance explains the
choice of notation for these Lie algebras.
On the other hand, according to Morozov’s classification of [27] 6-dimensional
nilpotent Lie algebras, the last two Lie algebras are isomorphic over the complex
field C, but not isomorphic over R. The latter circumstance is not surprising, if
we recall that The Lie algebras so(3,R) and sl(2,R) are distinct real forms of the
complex Lie algebra sl(2,C).
Remark. n±1 /(n
±
1 ), 3
∼= m0(3), n
±
1 /(n
±
1 ), 4
∼= L(2, 3), where L(2, 3) denotes the free
three-step nilpotent Lie algebra generated by two generators.

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Definition 2.13. We denote finite-dimensional Lie quotient-algebras n1 for m ≥ 0
by
n1(n)=n1/(n1)
n+1, n1,1(2m+1)=n1/K2m+1,
where the idealK2m+1 is given as a linear span 〈u2m+1, w2m+2, u2m+3, v2m+3, . . . , 〉.
Proposition 2.14. Lie quotient-algebras n1(n), n1,1(2m+1), given above are finite-
dimensional Carnot algebras with nil-indices n, 2m+1.
The Lie algebras n1 and n2 are maximal nilpotent Lie subalgebras of affine Kac-
Moody algebras A
(1)
1 and A
(2)
2 [16].
Let A be a generalized n×n Cartan matrix and g(A) denotes the corresponding
Kac-Moody algebra (see [16]). The Kac-Moody algebra g(A) has the maximal
nilpotent Lie subalgebra n(A) ⊂ g(A), which, in turn, can be given by its generators
e1, e2, . . . , en and a set of defining relations
ade
−aij+1
i (ej) = 0, 1 ≤ i 6= j ≤ n,
where aij denote the elements of the Cartan matrix A.
The Lie algebra n(A) is N⊕ · · · ⊕ N-graded
(6) n(A) = ⊕+∞k1>0,k2>0,...,kn>0n(A)(k1,k2,...,kn),
where a homogeneous subspace n(A)(k1,k2,...,kn) is a linear span of commutators
that include exactly ki of generators ei, i = 1, . . . , n.
Proposition 2.15. The Lie algebra n(A) is naturally graded. Two gradings, nat-
ural and canonical (6), are obviously connected with each other by the rule
n(A) =
+∞⊕
N=1
n(A)(N), n(A)(N) =
⊕
k1+...+kn=N
n(A)(k1,...,kn)
The Lie algebra A
(1)
1 corresponds to the generalized Cartan matrix A =(
2 −2
−2 2
)
. Thus, the Lie algebra n1 = N(A
(1)
1 ) is generated by two elements
e1, e2 that satisfy two relations
ad3e2(e1) = [e2, [e2, [e2, e1]]] =0, ad
3e1(e2)= [e1, [e1, [e1, e2]]] = 0.
In turn, the Lie algebra A
(2)
2 corresponds to another generalized Cartan matrix(
2 −4
−1 2
)
. Its maximal nilpotent subalgebra n2=N(A
(2)
2 ) is generated by e1, e2,
also satisfying two relations
ad2e2(e1) = [e2, [e2, e1]] =0, ad
5e1(e2)= [e1, [e1, [e1, [e1, [e1, e2]]]]] = 0.
Both Lie algebras A
(1)
1 and A
(2)
2 are canonically Z⊕Z-graded as affine Kac-Moody
algebras, their maximal nilpotent Lie subalgebras n1 and n2 are N⊕ N-graded
ni = ⊕
+∞
p,q=1(ni)(p,q), i = 1, 2,
where the subspace (ni)p,q, i=1, 2, denotes the linear span of all commutators that
contain exactly p of generators e1 and q of generators e2. The generators e1, e2
have gradings (1, 0) and (0, 1) respectively.
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One can verify that the canonical grading of the basis element f8m+s in n2 is
defined (see [9]) for −1 ≤ s ≤ 6, by the rule
(7) deg(f8m+s) =
{
(4m+s, 2m), if s ≤ 1;
(4m+s−2, 2m+1), if s ≥ 2.
For example, b6m+5 = f8m+7 has canonical bigrading equal to (4m + 3, 2m + 2).
In turn, the bigrading of a6m+5 = f8m+6 equals (4m + 4, 2m+ 1). Hence both of
these elements have a natural grading equal to 6m+ 5.
Suppose that an infinite-dimensional Lie algebra g is generated by some finite-
dimensional subspace V1(g). For n > 1, let Vn(g) be the linear span of all the
commutators of the elements of V1(g) of length at most n with an arbitrary ar-
rangement of brackets. An increasing chain of finite-dimensional subspaces of the
Lie algebra g is given
V1(g) ⊂ V2(g) ⊂ · · · ⊂ Vn(g) ⊂ . . . , ∪
+∞
i=1 Vi(g) = g.
The Gelfand-Kirillov dimension of the Lie algebra g is called the upper limit
GKdimg = lim sup
n→+∞
log dim Vn(g)
log n
.
The finite Gelfand-Kirillov dimension means that there exists a polynomial P (x)
with which we can estimate all dimensions of the subspaces Vn, namely dimVn(g) <
P (n) for all positive integers n. For finite-dimensional Lie algebras, the Gelfand-
Kirillov dimension is zero.
The growth function Fg(n) of a pro-nilpotent Lie algebra g can be expressed in
terms of the codimension of the ideals of its lower central series
Fg(n) = dimVn(g) = dim (g/g
n+1).
Let g = ⊕+∞i=1 gi be a naturally graded Lie algebra. Then its growth function can
be expressed in terms of the dimensions of its homogeneous components
Fg(n) = dimVn(g) =
n∑
i=1
dim gi.
For the Lie algebras m0,m2 W
+, considered above, we have
FW+(n) = Fm0(n) = Fm2(n) = n+1,
and this is the slowest (of all possible) growth.
For an arbitrary naturally graded Lie algebras g = ⊕+∞i=1 gi of width d the growth
function Fg(n) grows no faster than dn Fg(n) ≤ dn.
Consider the growth functions of our two Lie algebras n1 and n2. We have
estimates
3n
2
≤ Fn1 (n) ≤
3n+1
2
,
4n
3
≤ Fn2 (n) ≤
4n+2
3
, ∀n ∈ N.
Consequently, piecewise-linear functions Fn1(n) and Fn1 (n) grow linearly with aver-
age rates 32 and
4
3 , respectively. It is interesting, but the slow growth of the so-called.
characteristic Lie algebras of nonlinear hyperbolic partial differential equations is
related to their integrability. In particular, it turn out that the algebras n1 and n1
are directly related to the sine-Gordon and Tzitizeika equations [24], and also with
polynomial Lie algebras [4].
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3. Cohomology of N-graded Lie algebras and Carnot extensions
Consider the standard cochain complex of an n -dimensional Lie algebra g:
K
d0=0−−−−→ g∗
d1−−−−→ Λ2(g∗)
d2−−−−→ . . .
dn−1
−−−−→ Λn(g∗) −−−−→ 0
where the symbol d1 : g
∗ → Λ2(g∗) denotes the dual map to the Lie bracket
[ , ] : Λ2g→ g, and the differential d (in fact, it is a collection of mappings of dp) is
a differentiation of the exterior algebra Λ∗(g∗), which continues d1:
d(ρ ∧ η) = dρ ∧ η + (−1)degρρ ∧ dη, ∀ρ, η ∈ Λ∗(g∗).
The relation d2 = 0 is equivalent to the Jacobi identity in the Lie algebra g.
The cohomology of the complex (Λ∗(g∗), d) is called cohomology (with trivial
coefficients) of the Lie algebra g and are denoted by H∗(g).
If the Lie algebra g is a topological infinite-dimensional Lie algebra, then we
need to consider the linear spaces Λk(g∗) of continuous skew-symmetric k-linear
functions. In this case, the cochain complex of the Lie algebra g is infinite [8].
The exterior algebra Λ∗g of N-graded Lie algebra g = ⊕+∞α=1gα can be provided
with the second grading Λ∗g =
⊕+∞
i=1 Λ
∗
i g, where Λ
p
i g is a linear span of monomials
ξ1∧ξ2∧ . . .∧ξp such that
ξ1 ∈ gα1 , ξ2 ∈ gα2 , . . . , ξp ∈ gαp , α1+α2+ . . .+αp = i.
The space of continuous skew-symmetric p-functions Λp(g∗) is also endowed with a
second graduation Λp(g∗) =
⊕
λ Λ
p
(λ)(g
∗), where the subspace Λp(λ)(g
∗) is given as
Λp(λ)(g
∗) =
{
ω ∈ Λp(g∗) | ω(v) = 0, ∀v ∈ Λp(µ)(g), µ 6= λ
}
.
In the sequel, as a rule, we will consider the cohomology of finite-dimensional N-
bunded Lie algebras, and therefore the direct sum symbol in the preceding formu-
las denotes the usual finite direct sum of subspaces. In the case of the infinite-
dimensional Lie algebra g, this symbol needs to be clarified.
The second graduation is compatible with the differential d and with an external
product
dΛp(λ)(g
∗) ⊂ Λp+1(λ) (g
∗), Λp(λ)(g
∗) · Λq(µ)(g
∗) ⊂ Λp+q(λ+µ)(g
∗)
The exterior product in Λ∗(g∗) induces the structure of a bigraded algebra in co-
homology H∗(g)
Hp(λ)(g)⊗H
q
(µ)(g)→ H
p+q
(λ+µ)(g).
Example 3.1. The cochain complex (Λ∗(m0(n)), d) is generated by a
1, b1, a2, . . . , an
with differential
da1 = db1 = 0, da2 = a1 ∧ b1, dai = a1 ∧ ai−1, 3 ≤ i ≤ n.
Example 3.2. (Λ∗(n±1 ), d) generated by a
1, b1, a2, . . . , a2k+1, b2k+1, a2k+2, . . . with
differential d:
da1 = db1 = 0, da2 = a1 ∧ b1, da2k+2 =
∑
i+j=k,i<j a
2i+1 ∧ b2j+1,
da2k+1 = ±
∑
i+j=k b
2i+1 ∧ a2j , db2k+1 =
∑
i+j=k a
2i ∧ a2j+1, k ≥ 1.
Consider a linear space V as an abelian Lie algebra. The central extension of
the Lie algebra g is an exact sequence
(8) 0 −−−−→ V
i
−−−−→ g˜
pi
−−−−→ g −−−−→ 0
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of Lie algebras and their homomorphisms, where the image of homomorphism i :
V → g˜ is in the center Z(g˜) of the Lie algebra g˜.
Two extensions are said to be equivalent if there exists an isomorphism of Lie
algebras f : g˜2 → g˜1, such that the following diagram is commutative
(9)
0 −−−−→ V
i1−−−−→ g˜1
pi1−−−−→ g −−−−→ 0x xId xf xId x
0 −−−−→ V
i2−−−−→ g˜2
pi2−−−−→ g −−−−→ 0
As a vector space, the central extension of g˜ is a direct sum W ⊕g with standard
inclusions i and the projection pi. The Lie bracket in the vector space V ⊕ g is
defined by the formula
[(v, g), (w, h)]g˜ = (c(g, h), [g, h]g), g, h ∈ g,
where c is a bilinear function on g, which takes its values in the space V . One can
verify directly that the Jacobi identity for this bracket is equivalent to the fact that
the bilinear function c is a cocycle; the equality
c([g, h]g, e) + c([h, e]g, g) + c([e, g]g, h) = 0, ∀g, h, e ∈ g,
we assume that the Jacobi identity holds for the original Lie bracket [g, h]g. We do
not define a cochain complex of the Lie algebra g with values in the space (trivial
g-module) V , referring the reader for details to [8].
Let c and c′ be the cohomology cocycles on the Lie algebra g, i.e. c′ = c + dµ,
where µ : g → V is some linear mapping, and by definition dµ(x, y) = µ([x, y]g).
Then the corresponding central extensions are equivalent. Indeed, one can verify
that the linear map
f = Id+ µ : V ⊕ g→ V ⊕ g, f(v, g) = (v+µ(g), g),
is an isomorphism of Lie algebras in the corresponding diagram (9). The converse
statement is also true [8].
Now let us consider the Carnot algebra g˜ = ⊕ki=1gi. It is obvious that the last
homogeneous summand gk of our Lie algebra g˜ belongs to its center Z(g˜). Consider
the quotient-algebra g = g˜/gk. It is easy to see that it is also a Carnot algebra,
and, as a vector space, it coincides with direct sum g = ⊕k−1i=1 gi. Thus, we have a
central extension
0→ gk → g˜→ g→ 0,
which corresponds to some cocycle c˜ in H2(g, gk). We fix now the basis e1, . . . , ejk
of the subspace gk. We can write our cocycle c˜ in the corresponding coordinates
c˜ = (c˜1, . . . , c˜jk). The component c˜l of the cocycle c˜ has a simple meaning, it is the
differential of the linear functional el from the dual basis of the space g∗k
del = c˜l, l = 1, . . . , jk.
It is obvious that c˜l ∈ H
2
(k)(g), l = 1, . . . , jk.
Proposition 3.3. Let g= ⊕k−1i=1 gi be a Carnot algebra and let c˜1, . . . , c˜jk be a set
of jk cocycles in H
2
(k)(g,K). The Lie algebra g˜= ⊕
k
i=1 gi, defined by means of the
corresponding central extension, is a Carnot algebra of nil-index k and dim gk = jk,
if and only if the cocycles c˜1, . . . , c˜jk are linearly independent in the subspace of two-
dimensional cohomology H2(k)(g,K) ⊂ H
2(g,K) of grading k.
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Proof. It remains for us to verify the condition for the linear independence of cocy-
cles c˜1, . . . , c˜jk . Suppose that they are still linearly dependent α1c˜1+· · ·+αjk c˜jk = 0.
Then d(α1e
1 + · · ·+ αjke
jk) = 0, that means g∗k ∩ g
∗
1 6= 0. 
Remark. The coboundaries of grading k are absent in Z2(k)(g,K), hence
H2(k)(g,K) = Z
2
(k)(g,K).
We consider two central extensions g˜ and g˜′ of the Carnot algebra g = ⊕k−1i=1 gi.
Suppose that they are both Carnot algebras of nil-index k.
Suppose also that there exists an isomorphism f : g˜′ → g˜. An equality holds on
f
(
g˜′k
)
= g˜k for the ideals of the lower central series. Whence follows that
f (g˜′k) = g˜k,
and we have a commutative diagram
(10)
0 −−−−→ g˜k
i1−−−−→ g˜
pi1−−−−→ g −−−−→ 0x xΨ xf xΦ x
0 −−−−→ g˜′k
i2−−−−→ g˜′
pi2−−−−→ g −−−−→ 0,
where we denote by the symbol Ψ an isomorphism between vector spaces g˜k and
g˜′k. The sybmol Φ denotes some automorphism of the Lie algebra g.
Proposition 3.4. Let {c˜1, . . ., c˜jk} {c˜
′
1, . . ., c˜
′
jk
} be two sets of linearly independent
cocycles in H2(k)(g,K). They define isomorphic central extensions g˜ and g˜
′ if and
only if the linear spans 〈c˜1, . . ., c˜jk〉 and 〈c˜
′
1, . . ., c˜
′
jk
〉 lie in one orbit of the linear
action of the group of graded automorphisms Autgr(g) on the subspace H
2
(k)(g,K)
k in two-cohomology.
Proof. We prove this proposition in one direction, leaving the converse statement as
an elementary exercise to the reader. Let L L′ be two subspaces in the cohomology
H2(k)(g) such that Φ(L
′) = L, where Φ ∈ Autgr(g) denotes a graded automorphism
of the Lie algebra g. We assume that both subspaces are given in the form of linear
hulls of two sets of homogeneous cocycles 〈c˜1, . . ., c˜jk〉 〈c˜
′
1, . . ., c˜
′
jk
〉. We apply the
standard formulas for the Φ-action on bilinear forms
(Φ · c˜′l)(x, y) = c˜
′
l(Φ
−1x,Φ−1y), ∀x, y ∈ g, l = 1, . . . , jk, Φ ∈ Autgr(g).
Bilinear functions Φ · c˜′1, . . . ,Φ · c˜
′
jk
form a basis in L, as well asc˜1, . . ., c˜jk .Thus there
exists an isomorphism ψ : L→ L such that
ψ (Φ · c˜′1) = c˜1, . . . , ψ
(
Φ · c˜′jk
)
= c˜jk .
Define g˜ = L⊕g and g˜′ = L′⊕g as vector spaces. Define an isomorphism f : g˜′ → g˜
by the formula f((a, g)) = (Ψ(a),Φ(g)), where Ψ(a) = ψ · (Φ · a) and Φ is an
automorphism of the Lie algebra g.
It remains only to verify the compatibility of the linear isomorphism f with the
Lie brackets of the Lie algebras g˜′ and g˜.
f([(a, g), (b, h)]g˜′) = f((c˜
′(g, h), [g, h]g)) = (Ψc˜
′(g, h),Φ([g, h]g)) =
= (c˜(Φg,Φh), [Φg,Φh]g) = [(Ψa,Φg), (Ψb,Φh)]g˜ = [f(a, g), f(b, h)]g˜

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Figure 3. Carnot algebras and towers of bricks
Remark. There is an internal restriction on the dimension jk of the space by which
we extend the Carnot algebra
jk ≤ dimH
2
(k)(g,K).
Suppose g = ⊕ni=1gi is a Carnot algebra. We illustrate the process of building
it using the child constructor in Figure 3. First we take cubes, each of which
corresponds to the generator of the Carnot algebra. In our examples – these are
the two lower cubes, they make up the first floor of our tower. Next we attach one
cube of the second floor, it corresponds to the switch of two generators. And so
on, we build a floor by floor, adding each time the number of cubes, equal to the
dimension of this extension of Carnot. The number of cubes of the k-th floor is the
dimension of the k-th homogeneous component of our Carnot algebra. The total
number of cubes in the tower is equal to the dimension dim g of the Carnot algebra,
the height of the tower is equal to its nil-index s(g). The width of the tower is equal
to the width of the Carnot algebra.
4. Graded automorphisms of Carnot algebras
Let g = ⊕ni=1gi be a Carnot algebra and ϕ be its graded automorphism. Consider
its restriction ϕ1 = ϕ|g1 onto a homogeneous subspace g1. Fixing some basis in
g1, we can define the matrix A of the map ϕ1. Because the elements of the basis
g1 are generators of our Carnot algebra g = ⊕
n
i=1gi, then the automorphism ϕ is
completely determined by the matrix A and we have, therefore, a homomorphism
Φ : Autgr(g)→ GL(q,K), q = dim g1.
Remark. The group Autgr(g) is always non-trivial, because it contains a one-
dimensional algebraic torus K∗ of homotheties
φ(v) = αkv, v ∈ gk, k = 1, . . . , n, α ∈ K
∗.
Example 4.1. m30(3)
∼= L(2, 3). We choose a basis in this Lie algebra
a1, b1, a2 = [a1, b1], a3 = [a1, [a1, b1]], b3 = [b1, [a1, b1]].
In this case an arbitrary linear operator ϕ1 : 〈a1, b1〉 → 〈a1, b1〉 continues to the
automorphism ϕ of the Lie algebra L(2, 3). Hence the group Autgr(L(2, 3)) is
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isomorphic to GL(2,K) and for the automorphism ϕ we have these formulas
ϕ(a1) = αa1 + βb1, ϕ(b1) = ρa1 + µb1, ϕ(a2) = detAa2,
ϕ(a3) = detA(αa3 + βb3), ϕ(b3) = detA(ρa3 + µb3), detA = αµ− ρβ.
Example 4.2. m0(4) is given by a basis a1, b1, a2, a3, and relations
[a1, b1] = a2, [a1, a2] = a3.
Consider a linear operator ϕ1 : 〈a1, b1〉 → 〈a1, b1〉 defined by the matrixA=
(
α ρ
β µ
)
.
It continues to an automorphism ϕ of the Lie algebra m0(4) if and only if ρ = 0. In
fact, we have
ϕ(a2) = [ϕ(a1), ϕ(b1)] = detAa2, ϕ(a3) = [ϕ(a1), ϕ(a2)] = α detAa3.
In the same time 0 = [ϕ(b1), ϕ(a2)] = [ρa1 + µb1, detAa2] = ρ detAa3. Hence
Autgr(m0(4)) is isomorphic to the subgroup LT (2,K) lower-triangular matrices in
GL(2,K). An arbitrary ϕ ∈ Autgr(m0(4)) is given by the formulas
ϕ(a1) = αa1 + βb1, ϕ(b1) = µb1, ϕ(a2) = αµa2, ϕ(a3) = α
2µa3.
Lemma 4.3. Autgr(m
r1,...,rk
0 (n))
∼= LT (2,K), group of lower-triangular matrices
of the second order. For an arbitrary graded automorphism ϕ : mr1,...,rk0 (n) →
m
r1,...,rk
0 (n) for n ≥ 4 the following formulas are valid (α 6= 0, µ 6= 0, β ∈ K):
(11)
ϕ(a1) = αa1 + βb1, ϕ(b1) = µb1,
ϕ(am) = α
m−1µam, 1 ≤ m ≤ n,m 6= r1, . . . , rk,{
ϕ(ari) = α
ri−2µ(αari + βbri),
ϕ(bri) = α
ri−2µ2bri ,
i = 1, . . . , k.
Proof. We introduce the operator ϕ1 : 〈a1, b1〉 → 〈a1, b1〉. Let it be given by the
matrix A=
(
α ρ
β µ
)
. If r1 > 3, then our Lie algebra m
r1,...,rk
0 (n) is obtained by
successive central Carnot extensions from the Lie algebra m0(4) and, therefore,
from the arguments of Example 4.2 it follows that ρ = 0.
In the case of r1 = 3, our Lie algebram
r1,...,rk
0 (n) is obtained by Carnot extensions
from m30(4) and then the equalities hold
0 = [ϕ(b1), ϕ(a3)] = [ρa1 + µb1, α detAa3] = −ραdetAa4.
Hence, in this case also we have ρ = 0. The formulas (11) are easily verified by
successive calculations. 
Corollary 4.4. Groups of graded automorphisms of Carnot algebras
m
r1,...,rk
1 (2m−1),m
r1,...,rk
0,2 (2m),m
r1,...,rk
0,3 (2m+1),
are isomorphic as m ≥ 3 to a two-dimensional algebraic torus K∗ ×K∗, i.e.
Autgr(m
r1,...,rk
1 (2m−1))
∼= Autgr(m
r1,...,rk
0,2 (2m))
∼= Autgr(m
r1,...,rk
0,3 (2m+1))
∼= K∗×K∗
Operator ϕ1 of the automorphism restriction ϕ to the subspace g1 for each of the
three kinds of Carnot algebras will have a diagonal matrix A=
(
α 0
0 µ
)
. And in the
formulas (11) for ϕ it is necessary to put β = 0 and also to determine successively
ϕ on additional elements of the basis of these Carnot algebras
ϕ(b2m−1) = α
2m−3µ2b2m−1, ϕ(a2m) = α
2m−2µ2a2m, ϕ(a2m+1) = α
2m−1µ2a2m+1.
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Proof. In the case mr1,...,rk1 (2m−1) we consider the equalities
0 = [ϕ(a1), ϕ(a2m−2)] = [αa1 + βb1, α
2m−3µa2m−2] = −βα
2m−3µb2m−1.
Whence β = 0. The remaining cases are treated similarly. 
Lemma 4.5. The group of graded automorphisms of the Carnot algebra n+1 (n) for
n ≥ 4 is isomorphic to the direct product O(2,R) × R>0 orthogonal group and a
multiplicative group of positive real scalars
Autgr(n
+
1 (n))
∼= O(2,R)× R>0
for n ≥ 4 we have if 1 ≤ 2q, 2k + 1 ≤ n with some c > 0, t ∈ R
(12)
ϕ(u2k+1) = c
2k+1(cos tu2k+1 + sin tv2k+1),
ϕ(v2k+1) = ±c
2k+1(− sin tu2k+1 + cos tv2k+1),
ϕ(w2q) = ±c
2qw2q .
Proof. Let ϕ be a graded automorphism of the Carnot algebra n+1 (n). One can
verify the formulas by direct calculations
ϕ(u1) = αu1 + βv1, ϕ(v1) = ρu1 + µv1,
ϕ(w2) = detAw2, detA = αρ− µβ,
ϕ(u3) = detA(µu3 − ρv3), ϕ(v3) = detA(−βu3 + αv3).
Further from [ϕ(u1), ϕ(u3)] = [ϕ(v1), ϕ(v3)] = 0 follows that αρ+ µβ = 0. On the
other hand, the equality [ϕ(u1), ϕ(v3)] = [ϕ(u3), ϕ(v1)] is equivalent to
α2 + β2 = µ2 + ρ2.
Taking c > 0 and t such that α = c cos t, β = c sin t we obtain expressions for ϕ(u3)
and ϕ(v3). Now it remains, as an elementary exercise, to verify all the remaining
formulas from (12). 
Lemma 4.6. The group of graded automorphisms of the Carnot algebra n−1 (n) for
n ≥ 4 is isomorphic to the direct product O(1, 1) × R>0 Lorentz group and the
multiplicative group of positive real scalars
Autgr(n
−
1 (n))
∼= O(1, 1)× R>0
for 1 ≤ 2q, 2k + 1 ≤ n with some c > 0, t ∈ R
(13)
ϕ(u2k+1) = c
2k+1(cosh tu2k+1 + sinh tv2k+1),
ϕ(v2k+1) = ±c
2k+1(sinh tu2k+1 + cosh tv2k+1),
ϕ(w2q) = ±c
2qw2q .
Proof. Completely analogous to the proof of the preceding lemma. We also remark
that there are isomorphisms n−1 (2)
∼= n+1 (2), n
−
1 (3)
∼= n+1 (3). 
We now pass to the infinite-dimensional Lie algebra n2 given by an infinite basis
f1, f2, f3, . . . . It is easy to verify that the following linear spans define ideals in n2:
I6m+1 = 〈f8m+2, f8m+3, f8m+4, . . . 〉,
J6m+1 = 〈f8m+1, f8m+3, f8m+4, . . . 〉,
K6m+1 = 〈f8m+1−f8m+2, f8m+3, . . . 〉,
I6m+5 = 〈f8m+6, f8m+7, f8m+8, . . . 〉,
J6m+5 = 〈f8m+5, f8m+7, f8m+8, . . . 〉,
K6m+5 = 〈f8m+5−f8m+6, f8m+7, . . . 〉,
Definition 4.7. Let m ≥ 1. We define finite-dimensional quotient Lie algebras
n2,s(6m+ r), s = 1, 2, 3, r = 1, 5, in the following way
n2,1(6m+r)=n2/I8m+r, n2,2(6m+r)=n2/J8m+r, n2,3(6m+r)=n2/K8m+r, r = 1, 5.
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It is easy to see that the quotient Lie algebras n2,s(6m+1), n2,s(6m+5), s=1, 2, 3,
are Carnot algebras of nil-indices 6m+1, 6m+5 respectively.
Lemma 4.8. Groups of graded automorphisms of Carnot algebras
(14) n2(n) = n2/(n2))
n+1, n2,s(6m+1), n2,s(6m+5), s=1, 2, 3,
are isomorphic for n ≥ 7,m ≥ 1, to two-dimensional algebraic torus K∗ ×K∗.
Let n ≥ 7 ϕ be a graded automorphism of the Carnot algebra from the list (14).
Its value on the basis vector f8m+s is defined by the formula
(15) ϕ(f8m+s) =
{
α4m+sµ2mf8m+s, −1 ≤ s ≤ 1;
α4m+s−2µ2m+1f8m+s, 2 ≤ s ≤ 6.
, (α, µ) ∈ K∗×K∗.
Proof. By direct computations we obtain the values of the automorphism ϕ on the
first basis vectors f1, f2, . . . , f6, for a nondegenerate matrix A
ϕ(f1) = αf1 + βf2, ϕ(f2) = ρf1 + µf2, ϕ(f3) = detAf3,
ϕ(f4) = α detAf4, ϕ(f5) = α
2 detAf5, ϕ(f6) = α
3 detAf6,
, A =
(
α ρ
β µ
)
.
We note that 3[f2, f5] = [f3, f4] = 3f7, then we have the equality
3αdetA2f7 = −6ρα
2 detAf6 + 3µα
2 detAf7.
From where ρ = 0 and detA = αµ. On the other hand, [f1, f6] = 0, which implies
[ϕ(f1), ϕ(f6)] = −βα
3 detAf8 = 0, i.e. β = 0. Further formulas from (15) follow
from the bigraded structure n2 or are checked by induction directly. 
Corollary 4.9. Groups of graded automorphisms of Carnot algebras
(16) n32(n) = n
3
2/(n
3
2))
n+1, n32,s(6m+1), n
3
2,s(6m+5), s=1, 2, 3,
are isomorphic for n ≥ 7,m ≥ 1, to the two-dimensional algebraic torus K∗ ×K∗.
Let n ≥ 7 ϕ be a graded automorphism of a Carnot algebra from the list (16).
Its values on the basis vectors fj are determined by the formula (15), to which it is
necessary to add the formula ϕ(z) = α2µ2z.
5. Filiform Carnot algebras and their central extensions
In papers [22, 23] it was shown that the problem of classifying N-graded filiform
Lie algebras of width one can be solved by inductive process of successive one-
dimensional central extensions. Later, this idea was applied to the classification
of a similar class N-graded Lie Algebras [2]. What is this recursive procedure? In
particular, it includes the computation of the space of two-cohomology H2(g) of
the Lie algebra g, that Lie algebra is what we are going to expand. Sometimes the
subspace H2(n+1)(g) is trivial, which means the absence of Carnot extensions of the
Carnot algebra under the study g of length n.
Proposition 5.1. Rhe Lie algebra m1(2m+1) cannot be extended to aCarnot al-
gebra g = ⊕2m+2i=1 gi of length 2m+ 2.
Proof. The assertion follows from the triviality of the cohomology subspace of inter-
est to us H2(2m+2)(m1(2m+1) of grading 2m+2. Indeed, an arbitrary homogeneous
2-form ω of the grading 2m+2 can be written as the sum
ω = (x1a
1 + y1b
1) ∧ b2m+1 +
∑
k=2
xka
k∧a2m+2−k.
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Comparing the coefficients in the expansion of dω with respect to the standard
basis of 3-forms, we obtain the condition y1 = 0 and in addition to it the following
system of equations 

x1 + x2 = 0,
−x1 + x2 + x3 = 0,
. . . ,
(−1)mx1 + xm−1 + xm = 0,
(−1)m+1x1 + xm = 0,
which is equivalent to the closure condition dω = 0. Thus, we obtain the chain of
equalities x1 = x2 = · · · = xm = 0. 
Example 5.2. A Lie algebra m2m+10 (2m+1) is given by its basis a1, a2, . . . , a2m+1,
b1, b2m+1 and structure relations
[a1, b1] = a2, [a1, ai] = ai+1, i = 2, . . . , 2m;
[b1, a2m] = −b2m+1, [al, a2m−l+1] = (−1)
l+1b2m+1, l = 2, . . . ,m.
(17)
Definition 5.3. Let Sn = {r1, . . . , rk} be an ordered set of k odd natural numbers
such that 3 ≤ r1 < · · · < rk ≤ n, n ≥ 3, k ≥ 1. Define a Lie algebra m
Sn
0 (n) =
m
r1,...,rk
0 (n) as a k-dimensional extension of the filiform Lie algebra m0(n). It is
given by the following set of k cocycles of gradings r1, . . . , rk:
(18) ωrj = −b
1∧arj−1+
1
2
(rj−1)∑
l=1
(−1)lal∧arj−l, j = 1, . . . , k.
This central extension is not a Carnot extension, because the cocycles ωrj are
not taken from the subspace H2(n+1)(m0(n)). The resulting Lie algebra m
Sn
0 (n) =
m
r1,...,rk
0 (n) has the same nil-index n as the Lie algebra m0(n).
Definition 5.4. Let r1, . . . , rk, be an ordered set of k odd natural numbers such
that 3 ≤ r1 < · · · < rk ≤ 2m−3, where m ≥ 3, k ≥ 1. Define a Lie al-
gebra mr1,...,rk1 (2m−1) as the (k+1)-dimensional central extension of the filiform
Lie algebra m0(2m−2) which is defined by the set of k + 1 cocycles of gradings
2m−1, r1, . . . , rk
(19)
ω2m−1 = −b
1∧arj−1+
∑ 1
2
(rj−1)
l=1 (−1)
lal∧arj−l,
ωrj = −b
1∧arj−1+
∑ 1
2
(rj−1)
l=1 (−1)
lal∧arj−l, j = 1, . . . , k.
Definition 5.5. Let r1, . . . , rk be an ordered set of k odd natural numbers 3 ≤
r1 < · · · < rk ≤ 2m−3, m ≥ 3, k ≥ 1. Define the Lie algebra m
r1,...,rk
0,2 (2m) as the
central (k+1)-dimensional Lie algebra extension m2m−10 (2m−1), which is defined
by the set of 2-cocycles of gradings 2m, r1, . . . , rk:
(20)
ω˜2m = a
1∧b2m−1−(m−1)b1∧a2m−1+
∑ 1
2
(rj−1)
l=1 (−1)
lal∧arj−l,
ωrj = −b
1∧arj−1+
∑ 1
2
(rj−1)
l=1 (−1)
l(m−l)al∧arj−l, j = 1, . . . , k.
The following lemma describes (up to isomorphism) all Carnot algebras of length
n+ 1 that can be obtained as Carnot extensions of the Lie algebra mr1,...,rk0 (n) of
lenfgth n.
22 DMITRY V. MILLIONSHCHIKOV
Lemma 5.6. Let n ≥ 4 g = ⊕n+1i=1 gi be a Carnot algebra of length n+1, such that
g/gn+1 ∼= m
r1,...,rk
0 (n), dim gn + dim gn+1 ≤ 3.
Then g = ⊕n+1i=1 gi is isomorphic to one and only one Carnot algebra from the
following list:
m
r1,...,rk
0 (n+1),m
r1,...,rk
1 (2m+1),m
r1,...,rk,2m+1
0 (2m+1),m
r1,...,rk−1
0,2 (2m+2).(21)
Proof. We first consider the case of even n = 2m ≥ 4. The subspaceH2(2m+1) (m
r1,...,rk
0 (2m))
is two-dimensional and the following basis of cocycles can be chosen in it
a1∧a2m, −b1∧a2m+
m∑
i=2
(−1)iai∧a2m+1−i.
According to the Lemma 4.3 the group Autgr(m
r1,...,rk
0 (2m)) acts in this basis
as a group of linear operators with upper-triangular matrices of the following form
α2m−1µ
(
α −ρ
0 µ
)
, α, µ 6= 0.
The corresponding projective action on the projective line has exactly two orbits
represented by points (1 : 0) and (0 : 1). These points of the projective line corre-
spond to one-dimensional central extensions mr1,...,rk0 (2m+1) and m
r1,...,rk
1 (2m+1)
respectively. In this case we also have a unique two-dimensional central extension
m
r1,...,rk,2m+1
0 (2m+1).
Let n = 2m − 1 ≥ 5 be odd and rk < 2m − 1. Then the subspace
H2(2m) (m
r1,...,rk
0 (2m−1)) is the one-dimensional span 〈a
1∧a2m−1〉. Obviously, in
this case we will have a unique nontrivial extension mr1,...,rk0 (2m).
If n = 2m− 1 ≥ 5, and rk = 2m− 1, then our subspace H
2
(2m) (m
r1,...,rk
0 (2m−1))
is two-dimensional and we can fix a basis of cocycles in it
a1∧a2m−1, a1∧b2m−1 − (m−1)b1∧a2m−1+
m−1∑
i=2
(−1)i(m−i)ai∧a2m−i.
The group of graded automorphisms Autgr(m
r1,...,rk
0 (2m−1)) acts on one-
dimensional projectivization PH2(2m) (m
r1,...,rk
0 (2m−1)) operators with lower tri-
angular matrices, and we again have only two orbits corresponding to the Lie
algebras mr1,...,rk0 (2m) and m
r1,...,rk−1
0,2 (2m). The two-dimensional extension g is
excluded from consideration, because it will have two successive two-dimensional
homogeneous components g2m−1 and g2m.
How new Carnot algebras are generated from the algebra mr1,...,rk0 (n), depending
on the parity of n, is shown in Fig. 4. 
Proposition 5.7. mr1,...,rk1 (2m−1) 2m.
Proof. This follows from the triviality of the cohomology
H2(2m)(m
r1,...,rk
1 (2m−1)) = 0.
In fact, an arbitrary homogeneous 2-form ω of grading 2m can be written in the
form ω = ω1 + ω2 + ω3, where the first term ω1 has the form
ω1 = (x1a
1 + y1b
1) ∧ b2m−1 +
∑
k=2
xka
k∧a2m−k,
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m
r1,...,rk
0 (2m)
m
r1,...,rk
0 (2m+1)
m
r1,...,rk
1 (2m+1)
m
r1,...,2m−1
0 (2m−1)
m
r1,...,2m−1
0 (2m)
m
r1,...,2m−1
0,2 (2m)
m
r1,...,rk,2m+1
0 (2m+1)
❅❅❘❅❅❘  ✠ ❄
. . .. . .
. . . . . . . . .
Figure 4. Central extensions mr1,...,rk0 (n).
The second and third terms ω2 and ω3 are equal, respectively
ω2 =
∑
k+rj=2m
yk,rja
k∧brj , ω3 =
∑
ri+rj=2m, ri<rj
zri,rjb
ri∧brj .
Consider the differential dω3
dω3 = −
∑
ri+rj=2m, ri<rj
zri,rjb
1∧
(
ari−1∧brj + bri∧arj−1
)
+ . . .
In the formula for dω3 we put the dots instead of a linear combination of monomials
of the form ai1∧ai2∧brs . It is obvious that the differentials dω1 and dω2 do not
contain terms of the form γal∧b1∧brs . Taking the maximum value rj such that
∃ri, ri+rj = 2m we see that the corresponding coefficient zri,rj = 0. Continuing
this inductive procedure, we see that all the coefficients zri,rj must be zero. In the
same way, we can prove that all the coefficients yk,rj are trivial. Hence ω2 = ω3 = 0.
The triviality of ω1 now follows from the proof of Proposition 5.1. 
Proposition 5.8. Let m≥ 4, then mr1,...,rk0,2 (2m) has a unique Carnot extension.
We denote it as mr1,...,rk0,3 (2m+1).
Proof. An arbitrary homogeneous 2-form ω of grading 2m+1 can be represented as
a sum ω = ω1 + ω2, where
ω1 = (x1a
1+y1b
1)∧a2m + a2∧(x2a
2m−1+y2b
2m−1) +
∑m
k=3 xka
k∧a2m−k+1,
ω2 =
∑k
j=1 yja
2m+1−rj∧brj .
We calculate the differentials for both terms ω1 and ω2
dω1 = a
1∧b1∧
(
(x1(m−1)+x2)a
2m−1+(y1+y2)b
2m−1
)
+
+
(
x2a
1−y2b
1
)
∧a2∧a2m−2+
∑m−1
l=2 (−1)
l+1(m−l)(x1a
1+y1b
1)∧al∧a2m−l+
+y2
∑m−1
s=2 (−1)
sa2∧as∧a2m−1−s+
∑m
k=3 xka
1∧
(
ak−1∧a2m−k+1+ak∧a2m−k
)
.
dω2 =
k∑
j=1
yja
1∧a2m−rj∧brj+
k∑
j=1
yja
2m+1−rj∧

b1∧arj−1−
1
2
(rj−1)∑
l=2
(−1)lal∧arj−l

 ,
There are no monomials of the form γja
1∧a2m−rj∧brj in the decomposition dω1.
Thus, from the closedness of the form ω follows ω2 = 0.
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If m ≥ 4, then the coefficient facing a2∧am−1∧2m−1 in the decomposition of
dω1 equals (−1)
m−1y2. It follows from dω1 = 0 that y2 = 0. You can also calculate
the coefficient in front of the monomial a1∧b1∧b2m−1. y1+y2. Hence y1 = y2 = 0.
Comparing the other coefficients in the expansion of dω1, we obtain the following
system of linear equations on the coefficients x1, x2, . . . , xm

x1(m−1) + x2 = 0,
(−1)i+1(m−i)x1 + xi + xi+1 = 0, i = 2, . . . ,m−1,
(−1)mx1 + xm = 0
We solve this system and conclude that when 2m ≥ 8 the subspace of interest to
us H2(2m+1)
(
m
r1,...,rk
0,2 (2m)
)
has dimension one. As its basic cocycle, we choose a
a1∧a2m+
1
2
m∑
i=2
(−1)i+1(i−1) (2m−i) ai∧a2m+1−i.
The corresponding central extension is isomorphic to mr1,...,rk0,3 (2m+1).
If m = 3 the the subspace H2(7)
(
mr10,2(6)
)
is the two-dimmensional span of the
following cocycles
a1∧a6−2a2∧a5+3a3∧a4, b1∧a6−a2∧b5.

Definition 5.9. The Lie algebra mr1,...,rk0,3 (2m+1), where 3 ≤ r1 < · · · < rk ≤
2m−3 denotes an ordered set of odd natural numbers if m ≥ 3, can be given by its
basis a1, . . ., a2m, a2m+1, b1, br1 , . . . , brk , b2m−1, and commutation relations.
[a1, b1] = a2, [a1, ai] = ai+1, i=2, . . . , 2m−2, 2m,
[b1, a2m−2]=−b2m−1, [aq, a2m−1−q] = (−1)
qb2m−1, q=2, . . .,m−1;
[a1, b2m−1]=a2m, [b1, a2m−1]=−(m−1)a2m,
[aq, a2m−q] = (−1)
q(m−q)a2m, q=2, . . . ,m−1;
[ap, a2m−p+1] = (−1)
p+1(p−1)
(
m−
p
2
)
a2m+1, p=2, . . . ,m,
[b1, arj−1]=−brj [aq, arj−q] = (−1)
qbrj , j=1, . . ., k; q=2, . . .,
rj−1
2
.
(22)
Proposition 5.10. The Lie algebra mr1,...,rk0,3 (2m+1) does not admit a Carnot ex-
tension.
Proof. The proof follows from the triviality of the corresponding subspace of two-
dimensional cohomologyH2(2m+2)(m
r1,...,rk
0,3 (2m+1)) = 0. H
2
(2m+2)(m
r1,...,rk
0,3 (2m+1)) =
0. The cohomological calculations themselves completely repeat similar arguments
from the proofs of the Propositions 5.7 5.8. 
6. Finite-dimensional factor algebras of Lie algebras n1 and n2
The Lie algebras cohomology of n1 and n2 are well-known [12, 20, 19, 18].
In particular, both spaces of second cohomology H2(n1) and H
2(n2) are two-
dimensional, more precisely:
• H2(n2) is the linear span of the cohomology classes
f2∧f3 = b1∧a2, f1∧f6 = a1∧a5.
with natural gradings 3 and 6 respectively;
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• H2(n1) is a linear span of two cohomology classes
e1∧e4 = a1∧a3, e2∧e5 = b1∧b3,
with a common natural grading 4.
Define n32 as an one-dimensional central extension of the Lie algebra n2, which
corresponds to a cocycle f2∧f3 = b1∧a2.
To obtain a basis and structural relations of the Lie algebra n32, you simply
need to add a new central element z to a basis of n2, satisfying the additional
commutation relations
[f2, f3] = z, [z, fi] = 0, i ∈ N.
We can consider other central extensions of Lie algebras n1 and n2, but if we
consider a central extension n62 of the Lie algebra n2, which corresponds to a co-
cycle f1∧f6, then it turns out that the sum of the dimensions of two neighboring
homogeneous components is greater than three
dim (n62)(5) + dim (n
6
2)(6) = 4.
For the same reasons, we do not consider central extensions n1.
Lemma 6.1. Let n ≥ 4. We consider an n-dimensional Lie quotient algebra
n±1 (n) = n
±
1 /(n
±
1 )
n+1. It is a Carnot algebra of length n. The list of its nonisomor-
phic Carnot extensions of height n+1 consists of two Carnot algebras
n±1 (n+1) = n
±
1 /(n
±
1 )
n+2, n±1,1(2m+1).
Moreover the Carnot algebras n±1,1(2m+1) do not have extensions of length 2m+ 2
for all m ≥ 2.
Proof. The subspace H2(n+1)(n
±
1 (n)) is two-dimensional for even n = 2m and is
one-dimensional if n = 2m+ 1 is odd. For n = 2m the subspace H2(2m+1)(n
±
1 (2m))
spanned by the differentials du2m+1 = Ω1(2m+1) and dv
2m+1 = Ω2(2m+1) that
do not exist after taking the quotient in Λ1(2m+1)(n
±
1,1(2m)) of one-forms u
2m+1 and
v2m+1
Ω1(2m+1) =
∑
l+k=m
v2l+1∧w2k,Ω2(2m+1) =
∑
q+k=m
w2k∧u2q+1.
Suppose that there exist cocycles of grading 2m+ 1 that are linearly independent
with Ω1(2m+1) and Ω2(2m+1) in the subspace H
2
(2m+1)(n
±
1 (2m)). Then we will
have nontrivial cohomology classes in the subspaces H2(n+1)(n1) for n ≥ 4 now for
the infinite-dimensional Lie algebra n1, which contradicts the two-dimensionality of
the second cohomologyH2(n1) of the Lie algebra n1. Recall thatH
2(n+1 ) = H
2(n−1 ),
because n+1 and n
−
1 are isomorphic over C.
The group of graded automorphisms Autgr(n1(2m)) act on the subspace
H2(2m+1)(n
±
1 (2m)) according to the formulas (12)
ϕ(Ω1(2m+1)) = c
2k+1(cos tΩ1(2m+1) + sin tΩ2(2m+1)),
ϕ(Ω2(2m+1)) = ±c
2k+1(− sin tΩ1(2m+1) + cos tΩ2(2m+1)).
It induces a transitive action on projectivization PH2(2m+1)(n
+
1 (2m)), in which, in
turn, there is only one orbit represented by a point (1 : 0). This point of the projec-
tive line corresponds to a unique (up to isomorphism) nontrivial one-dimensional
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central extension, which we denote by n+1,1(2m+1). The case of an odd n = 2m+1
is completely analogous.
Two-dimensional central extension of the Lie algebra n±1 (2m) which is isomor-
phic to n±1 (2m + 1), is unique up to isomorphism, just as the one-dimensional
central extension of the Lie algebra n±1 (2m+1), which is isomorphic to the Lie
algebra n±1 (2m+2). The last extension corresponds to a cocycle
Ω(2m+2) =
∑
l+k=m
u2l+1∧v2k+1.

Lemma 6.2. Let n ≥ 7. Consider the quotient Lie algebra n2(n) = n2/n
n+1
2 . It is
a Carnot algebra of length n. There are two possible cases:
1) if n 6= 6m,n 6= 6m + 4, then n2(n) uniquely extends to a Carnot algebra of
length n+ 1, its extension will be n2(n+ 1) = n2/n
n+2
2 .
2) if n = 6m or n = 6m+ 4, then there will be several extensions. Let’s present
their list.
n2(n+1) = n2/n
n+2
2 , n2,1(n+1), n2,2(n+1), n2,3(n+1).
Moreover, the Carnot extensions of the form n2,s(n+1), s = 1, 2, 3, for n = 6m or
n = 6m+ 4 themselves can not be extended to a Carnot algebra of greater length.
Proof. Let n ≥ 7. If n = 6m or n = 6m+4 then the subspace H2(n+1)(n2(n)) is
two-dimensional, in all other cases H2(n+1)(n2(n)) is one-dimensional. The proof
repeats the arguments of the previous sentence. Indeed, cochain subcomplexes
of grading n + 1 of two Lie algebras n2 and n2(n) almost completely coincide.
The only difference is that the subspace of one-form Λ1(n+1)(n2)(n) is trivial and
Λ1(n+1)(n2) 6= 0. In this siruation two-cohomology H
2
(n+1)(n2) and H
2
(n+1)(n2(n))
are related in a very simple way
H2(n+1)(n2(n)) = H
2
(n+1)(n2)⊕ dΛ
1
(n+1)(n2).
The cohomology H2(n+1)(n2), as we have already remarked above, they are known
from classical papers [?, ?, 20, 19]. For n = 6m, 6m+ 4 the subspace dΛ1(n+1)(n2)
is two-dimensional and it is one-dimensional in al , and it is one-dimensional in
all other cases. We denote the basis cocycles from dΛ1(6m+r+1)(n2(6m+r)) as
Ω1(6m+r+1)) and Ω1(6m+r+1)) respectively. They are equal df
8m+1 and df8m+2
for r = 0, and also df8m+6 and df8m+7 if r = 4.
We recall that the group of graded automorphisms Autgr(n2(n)) according to
(4.8) is the two-dimensional algebraic torus K∗ × K∗ of order two diagonal matri-
ces which acts on the basic cocycles Ω1(6m+r+1) and Ω2(6m+r+1) of the sub-
space H2(6m+r+1)(n2(6m+r)), r = 0, 4, diagonally according to the following formu-
las µα 6= 0:
ϕ(Ω1(6m+1)) = α
4m+1µ2mΩ1(6m+1), ϕ(Ω2(6m+1)) = α
4mµ2m+1Ω2(6m+1);
ϕ(Ω1(6m+5)) = α
4m+4µ2m+1Ω1(6m+5), ϕ(Ω2(6m+5)) = α
4m+3µ2m+2Ω2(6m+5);
The projectivization of this action has three orbits, given by their representatives
(1 : 0), (0 : 1), (1 : 1). To these three points of the projective line there correspond
three Carnot algebras n2,s(6m+r+1), s = 1, 2, 3, respectively (r = 0, 4) (see the
Definition 4.7). 
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Corollary 6.3. Let n ≥ 7. Consider the quotient Lie algebra n32(n) = n
3
2/(n
3
2)
n+1.
It is a Carnot algebra of length n. There are two possible cases:
1) if n 6= 6m,n 6= 6m + 4 then n32(n) Uniquely extends to a Carnot algebra of
length n+ 1, its extension is n32(n+1) = n
3
2/(n
3
2)
n+2.
2) if n = 6m or n = 6m + 4, then there are four admissible extensions up to
isomorphism. Let’s list them.
n2(n+1) = n
3
2/(n
3
2)
n+2, n32,1(n+1), n
3
2,2(n+1), n
3
2,3(n+1).
Moreover, the Carnot algebras n32,s(n+1), s = 1, 2, 3, for n = 6m or n = 6m+ 4 do
not have Carnot extensions.
7. The main theorem
Theorem 7.1. Let g =
⊕n
i=1 gi be a real positively graded Lie algebra for n ≥ 2
which satisfies the properties
(23) [g1, gi] = gi+1, dim gi + dim gi+1 ≤ 3, i = 1, . . . , n−1, gn 6= 0.
Then g is a Carnot algebra and it is isomorphic to one and only one Lie algebra
from the following list:
A. Filiform Lie algebras and their central extensions:
mSn0 (n), n ≥ 2, m
Sn−2
1 (n), n = 2m−1 ≥ 5,
m
Sn−3
0,2 (n), n = 2m ≥ 8, m
Sn−4
0,3 (n), n = 2m+1 ≥ 9,
where Sp denotes an ordered collection (possibly empty) of odd natural numbers
Sp = {r1, . . . , rk|rq = 2mq+1, 1 ≤ q ≤ k, 3 ≤ r1 < · · · < rk ≤ p},
Sp = ∅, {3}, {5}, . . . , {2m−1}, {3, 5} . . . , {3, 5, 7, . . . , 2m−1}, p = 2m, 2m− 1.
B. Finite-dimensional quotient-Lie algebras for n±1 :
n±1 (n), n ≥ 4; n
±
1,1(n), n = 2m+1 ≥ 5;
C. Finite-dimensional quotient-Lie algebras for n2:
n2(n), n ≥ 7, n2,s(n), s = 1, 2, 3, n = 2m+1, 2m+ 5,m ≥ 3,
D. Finite-dimensional quotient-Lie algebras for n32:
n32(n), n ≥ 7; n
3
2,s(n), s = 1, 2, 3, n = 2m+ 1, 2m+ 5,m ≥ 3;
Remark. All the Lie algebras appearing in the statement of the theorem were de-
fined earlier in the text. For the convenience of the reader, we present tables with
their defining bases and structural constants in Appendix 1.
Proof. We will prove the theorem by induction on the length of Carnot algebras. We
recall that the length of the Carnot algebra g coincides with its index of nilpotency
s(g).
The first stage of our proof: the classification of all Carnot algebras g of length
n ≤ 7 satisfying the condition (29).
We start with the two-dimensional Abelian Lie algebra m0(1) given as a linear
span 〈a1, b1〉. The space of its second cohomology H
2(m0(1)) is one-dimensional
and its basic cocycle a1∧b1. Thus, up to isomorphism, this Lie algebra has a unique
central extension m0(2), which is a Carnot algebra of length two. Extension m0(2)
is isomorphic to the classical Heisenberg algebra h3. In turn, the Lie algebra m0(2)
has two nonisomorphic central extensions: m0(3) and a free nilpotent Lie algebra
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L(2, 3) ∼= m30(3) of degree three. They will compile a list of Carnot algebras of
length three.
m0(3),L(2, 3) ∼= m
3
0(3).
The following lemma is very important, for it is in it that the difference between
the real and complex cases in our classification will manifest itself.
Lemma 7.2. For a real free nilpotent Lie algebra L(2, 3) of degree of nilpotency 3
there are three nonisomorphic one-dimensional central Carnot extensions:
m30(4), n
+
1 (4), n
−
1 (4).
If the ground field is C, then there is an isomorphism n+1 (4)
∼= n−1 (4).
Proof. The cochain complex of the Lie algebra L(2, 3) is given by
da1 = db1 = 0, da2 = a1 ∧ b1,
da3 = a1 ∧ a2, db3 = b1 ∧ a2;
(24)
We fix the following basis of a three-dimensional space H2(4)(L(2, 3),R):
a1 ∧ a3, a1 ∧ b3 + b1 ∧ a3, b1 ∧ b3.
The group of graded automorphisms Autgr(L(2, 3)) is isomorphic to GL(2,R) (see
Example 4.1) and acts in three-dimensional space H2(4)(L(2, 3),R) in the following
way
A =
(
α β
ρ µ
)
∈ GL(2,R)→ detA ·

α2 2ρα ρ2αβ ρβ+αµ µρ
β2 2µβ µ2

 .
We now consider the action of the group GL(2,R) on one-dimensional subspaces of
the space H2(4)(L(2, 3),R), i.e. on the projective plane RP
2. The orbit of the point
(0 : 0 : 1) is an oval {(ρ2:µρ:µ2)} ⊂ RP 2, which is represented by the parabola
y2 = x in the standard affine map x3 6= 0 with the coordinates x =
x1
x3
, y = x2
x3
.
The action of the group GL(2,R) on the projective plane RP 2 there are two more
orbits, they coincide with the inner and outer regions of the parabola y2 = x on an
affine chart x3 6= 0. These two orbits can be represented by the points (−1 : 0 : 1)
and (1 : 0 : 1). Note that if the ground field is complex, then the points (−1 : 0 : 1)
and (1 : 0 : 1) are in the same orbit of action
(−1 : 0 : 1) ∈ {(α2 + ρ2, αβ + µρ, β2 + µ2)}, µ = 1, β = ρ = 0, α2 = −1.
x
y
•• •
(1:0:1)
(0:0:1)
(−1:0:1)
x=y
2
{(ρ
2
:µρ:µ
2
)} ⊂ RP
2
µ =
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m0(2)
m0(3)
m0(4)
m0(5),
m1(5)
m0(6)
L(2, 3) ∼= n±1 (3)
∼= m30(3)
m30(4),
n±1 (4)
m50(5) n±1,1(5)
m30(5)
m31(5)
m
3,5
0 (5), n
±
1 (5)
m
3,5
0 (6), n
3
2(6),n
±
1 (6)m
3
0(6)m
5
0(6),n2(6)
∼= m0,2(6)
  ✠ ❅❅❘❅❅❘
  ✠
❅❘❅❘❅❘❅❘  ✠
  ✠
❄
❄
❄ ❄❄
Figure 5. The genealogical tree of the narrow Carnot algebras
with s(g) ≤ 6.
The point (0 : 0 : 1) ∈ RP 2 corresponds to the cocycle b1∧b3,which defines a one-
dimensional central extension m30(5). Orbits represented by the points (±1 : 0 : 1),
(i.e. cocycles ±a1 ∧ a3 + b1 ∧ b3) correspond to exetensions n±1 (4).
Remark. The action of the groupGL(2,R) on the Grassmannian of two-dimensional
subspaces in H2(4)(L(2, 3),R) also has three orbits in the real case and two orbits in
the complex.

In turn, the Lie algebra mathfrakm0(3) has only one central extension of
Carnot m0(4). Hence, we have a list of Carnot algebras of length 4 satisfying
(29)
m0(4),m
3
0(4), n
±
1 (4).
The Carnot algebra m0(4) extends to two nonisomorphic Carnot algebras m0(5),
m1(5) (one-dimensional extensions) and a single two-dimensional central extension
m50(5). The Lie algebra m
3
0(4) has three nonisomorphic Carnot extensions: one-
dimensionalm30(5), m
3
1(5) and two-dimensional extensionm
3,5
0 (5). The Lie quotient-
algebra n±1 (4) has two non-isomorphic Carnot extensions: a one-dimensional n
±
1,1(5)
and two-dimensional n±1 (5). Summarizing the preliminary results, we compile the
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following list of Carnot algebras of height 5 satisfying condition (29)
(25) m0(5),m1(5),m
3
1(5),m
3
0(5),m
5
0(5),m
3,5
0 (5), n
±
1,1(5), n
±
1 (5).
Next step. We must now classify all possible Carnot extensions for each Lie
algebra from this list.
In the filiform Lie algebra m0(5) has a unique Carnot extension m0(6). In the
same way, the Carnot algebra m30(5) can be extended to m
3
0(6). The Lie algebras
m1(5),m
3
1(5) have no Carnot extensions.
The first interesting case is the investigation of the Carnot extensions of the Lie
algebra m50(5). The differential d of the cochain complex Λ
∗(m50(5)) is defined by
formulas
da1 = db1 = 0, da2 = a1 ∧ b1, da3 = a1 ∧ a2,
da4 = a1 ∧ a3, da5 = a1 ∧ a4, db5 = −b1 ∧ b4 + a2 ∧ a3.
The cohomology subspace H2(6)(m
5
0(5)) of grading 6 is a linear span of two basic
cocycles
a1∧a5, a1∧b5 − 2b1∧a5 + a2∧a4.
A graded automorphism ϕ of the Lie algebra m50(5) acts on its cochain complex as
follows
ϕ(a1) = αa1, ϕ(b1) = ρa1 + µb1, ϕ(a2) = αµa2, ϕ(a3) = α2µa3, ϕ(a4) = α3µa4,
ϕ(a5) = α4µa5, ϕ(b5) = α3µ
(
ρa5 + µb5
)
, αµ 6= 0.
Thus, the automorphism ϕ acts on the cohomologyH2(6)(m
5
0(5)) as a linear operator
with an upper triangular matrix
α4µ
(
α 3ρ
0 µ
)
, αµ 6= 0.
Obviously, the action of ϕ on projectivization PH26 (m
5
0(5)) has two orbits defined
by their representatives (1 : 0) and (0 : 1). Hence, we have two nonisomorphic
one-dimensional Carnot extensions, one of them is isomorphic m50(6) (corresponds
to the orbit of the point (1 : 0)), another extension is isomorphic to m0,2(6) (the
orbit of the point (0 : 1)).
The case of the Lie algebra m3,50 (5) is considered similarly to the previous one.
We obtain two non-isomorphic Carnot extensions m3,50 (5) this are the Lie algebras
m
3,5
0 (6) and m
3
0,2(6). The length of these Carnot algebras is six.
Proposition 7.3. There exist the following isomorphisms
m0,2(6) ∼= n2(6),m
3
0,2(6)
∼= n32(6).
Proof. We define a linear map ψ : m0,2(6)→ n2(6) as
ψ(a1) = f1, ψ(b1) = f2, ψ(a2) = f3, ψ(a3) = f4, ψ(a4) = −3f5,
ψ(a5) = 6f6, ψ(b5) = 3f7, ψ(a6) = 3f8,
where a1, b1, . . . , a6 f1, f2, . . . , f8 are standard bases of Lie algebras m0,2(6) and
n2(6) respectively. It is easy to verify that the mapping ψ is compatible with the
commutation relations of both Lie algebras. The isomorphism ψ constructed is
extended to an isomorphism Ψ : m30,2(6)→ n
3
2(6). We set Ψ(b3) = z. 
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n2(6) ∼= m0,2(6)
n2,1(7), n2,2(7) ∼= m0,3(7), n2,3(7) n2(7)
❅❘❅❘ ✠
Figure 6. Carnot extensions n2(6) ∼= m0,2(6).
According to Lemma 6.1 the Lie algebras n±1 (5) can be extended only to n
±
1 (6)
and the Lie algebra n±1,1(5) does not admit Carnot extensions..
Now we can sum up the results in the list of Carnot algebras of length 6
(26) m0(6),m
3
0(6),m
5
0(6),m
3,5
0 (6), n
±
1 (6), n2(6), n
3
2(6).
We have depicted the whole scheme of the classification of Carnot algebras of length
n ≤ 6 in Fig. 5. Double arrows denote two-dimensional extensions of Carnot. In an
informal sense, this scheme is similar to the genealogical tree with the ”ancestor”
m0(2) of all Carnot algebras that satisfy the condition (29).
Now we turn to the study of Carnot algebras of length 7. From Lemma 5.6
it follows that the Lie algebra m0(6) has two extensions m0(7) and m1(7). The
same holds for the Carnot algebras m30(6),m
5
0(6),m
3,5
0 (6).They are extendable to
m30(7),m
5
0(7),m
3,5
0 (7) or to m
3
1(7),m
5
1(7),m
3,5
1 (7) respectively. Also each of them
there is a unique two-dimensional Carnot extension: all together they are Carnot
algebras m3,70 (7),m
5,7
0 (7) and m
3,5,7
0 (7).
According to the Lemma 6.1 the Lie algebra n±1 (6) extends to n
±
1 (7) and to
n±1,1(7).
Proposition 7.4. The Lie algebra n2(6) has three nonisomorphic one-dimensional
Carnot extensions n2,1(7), n2,2(7), n2,3(7) and unique two-dimensional extension
n2(7).
Proof. We have already noted above, in the proof of Proposition 5.8 that the ho-
mogeneous subspace H2(7)(n2(6)) is the linear span of the basic cocycles
−a1∧a6+a2∧a5+3a3∧a4, b1∧a6−a2∧b5.
The group Autgr(n2(6)) is a two-dimensional algebraic torus that acts on a two-
dimensional plane H2(7)(n2(6)) by diagonal matrices
(α, µ)→ α4µ2
(
α 0
0 µ
)
, (α, µ) ∈ K∗ ×K∗.
The corresponding projective action has three orbits represented by the points (1 :
0), (0 : 1), (1 : 1) of the projective line KP 1. Hence, we have three nonisomorphic
one-dimensional Carnot extensions that are given by the following cocycles
ω1 = −a
1 ∧ a6 + a2 ∧ a5 + 3a3 ∧ a4,
ω2 = b
1 ∧ a6 − a1 ∧ a6 − a2 ∧ b5 + a2 ∧ a5 + 3a3 ∧ a4,
ω3 = 2b
1 ∧ a6 − 2a2 ∧ b5.
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We denote the corresponding Carnot extensions by n2,1(7), n2,2(7), n2,3(7). 
Corollary 7.5. The Lie algebra n32(6) has three non isomorphic one-dimensional
central extensions n32,1(7), n
3
2,2(7), n
3
2,3(7) and one two-dimensional one n
3
2(7).
Proposition 7.6. There exist isomorphisms
(27) n2,1(7) ∼= m0,3(7), n
3
2,1
∼= m30,3(7).
Proof. In fact, the isomorphism considered above ψ : m0,2(6) → n2(6) can be
extended to an isomorphism ψ : m0,3(7) → n2,1(7), if we define ψ(a7) = 3f9.
The second isomorphism ψ : m30,3(7) → n
3
2,1(7) is defined in the following way:
ψ(b3) = z. 
We complete the first stage of the proof of the theorem, as its result we represent
the list of Carnot algebras of length 7 satisfying the condition (29)
(28)
m0(7),m
3
0(7),m
5
0(7),m
7
0(7),m
3,5
0 (7),m
3,7
0 (7),m
5,7
0 (7),m
3,5,7
0 (7),
m1(7),m
3
1(7),m
5
1(7),m
3,5
1 (7), n
±
1 (7), n
±
1,1(7),
n2(7), n2,1(7), n2,2(7), n2,3(7), n
3
2(7), n
3
2,1(7), n
3
2,2(7), n
3
2,3(7).
The second stage of the proof of the main theorem has actually been carried out
in the previous two sections. Thanks to Lemma 5.6, Propositions 5.7, 5.8, 5.10,
Lemmas 6.1, 6.2 we have absolutely A deterministic process of Carnot extensions
for Lie algebras from families
mSn0 (n),m
Sn−2
1 (2m−1),m
Sn−3
0,2 (2m),m
Sn−4
0,3 (2m+1), n
±
1 (n), n
±
1,1(2m+1),
n2(n), n
3
2(n), n2,s(2m+1), n
3
2,s(2m+1), n2,s(2m+ 5), n
3
2,s(2m+ 5), s = 1, 2, 3.
and the list (28) of Carnot algebras of length 7 contains Lie algebras only from these
semigroups and we can continue to algorithmically continue to construct an infinite
tree of classifications of such Lie algebras. This inductive argument completes the
second, the same and last, stage of the proof of the main theorem.
As an example, we construct a list of Carnot algebras of length 8. First we note
that the Lie algebras m1(7),m
3
1(7),m
5
1(7),m
3,5
1 (7) are non extendable according to
Propositions 5.7, 5.8, 5.10. The Lie algebras n±1,1(7) do not admit Carnot exten-
sions according to Lemma 6.1. Similarly, this is the case of the Carnot algebras
n2,s(7), n
3
2,s(7), s = 1, 2, 3. The last assertion follows from Lemma 6.2.
The remaining possibilities of Lemmas and Propositions cited by us leave such
a list of narrow Carnot algebras of length 8
m0(8),m
3
0(8),m
5
0(8),m
7
0(8),m
3,5
0 (8),m
3,7
0 (8),m
5,7
0 (8),m
3,5,7
0 (8),
m0,2(8),m
3
0,2(8),m
5
0,2(8),m
3,5
0,2(8), n
±
1 (8), n2(8), n
3
2(8).

We note only at the very end that of all our series of Carnot algebras in
small dimensions no Lie algebras of the form m
S2m−3
0,3 (2m + 1). The first of them
m0,3(9),m
3
0,3(9),m
5
0,3(9),m
3,5
0,3(9) will appear in the next step of our classification.
The point is that up to the level of 9, algebras of this type were isomorphic to other
Carnot algebras, recall, for example, isomorphisms (27).
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8. Classification in the infinite-dimensional case
Theorem 8.1. Let g =
⊕+∞
i=1 gi be an infinite-dimensional real positive-graded Lie
algebra such that
(29) [e1, ei] = ei+1, dim gi + dim gi+1 ≤ 3, i ∈ N.
Then g is isomorphic to one and only one Lie algebra from the following list
n±1 , n2, n
3
2,m0, {m
S
0 , S ⊂ {3, 5, 7, . . . , 2m+1, . . . }.
The complex classification of N-graded Lie algebras with properties (29) differs from
the real one only in one point: Lie algebras n±1 , nonisomorphic over R, are isomor-
phic over the field of complex numbers C.
Proof. Each infinite-dimensional N-graded Lie algebra g =
⊕+∞
i=1 gi of finite width
can be associated with an infinite spectrum of finite-dimensional nilpotent Lie al-
gebras
· · ·
pk+2,k+1
−→ g/gk+1
pk+1,k
−→ g/gk
pk,k−1
−→ · · ·
p3,2
−→ g/g2
p2,1
−→ g/g1,
It is easy to see that an arbitrary quotient Lie algebra g/gk+1 of this spectrum
is a Carnot algebra of length k; in particular, it has the property to be infinitely
extended by means of Carnot extensions.
From the proof of the main Theorem 7.1 it follows that the following finite finite-
dimensional Carnot algebras g do not have Carnot extensions
m
r1,...,rk
1 (2m+1),m
r1,...,rk
0,3 (2m+1), n
±
1,1(2m+1),
n2,s(6m+q), n
3
2,s(6m+q), s = 1, 2, 3, q = 1, 5,
It should be noted that we discuss precisely the Carnot extensions and nothing
else. The Lie algebra n±1,1(2m+1) has one-dimensional central extension n
±
1 (2m+1),
but it is not a Carnot extension, because the Lie algebra n±1 (2m+1) has exactly
the same nil-index s = 2m+1 as the initial Lie algebra n±1,1(2m+1).
The Carnot algebra n2,s(6m+q), s = 1, 2, 3, q = 1, 5, is also extendable to the
Carnot algebra n2(6m+q), q = 1, 5, but this central extension will not be an Carnot
extension. There are no Carnot extensions of this Lie algebra. The same is true for
Carnot algebras n32,s(6m+q), s = 1, 2, 3, q = 1, 5.
We recall that the Carnot algebra mr1,...,rk0,2 (2m) is the unique (up to isomor-
phism) Carnot expansion mr1,...,rk0,3 (2m+1). And this Carnot algebra, as we have
already noted, does not allow the extension of Carnot.
As a result, we have four infinite spectra of Carnot algebras corresponding to
infinite-dimensional Lie algebras n±1 , n2, n
3
2 and another spectrum connected with
the Carnot algebras mr1,...,rk0 (n) = m
Sn
0 (n)
(30) · · ·
pn+2,n+1
−→ m
Sn+1
0 (n+1)
pn+1,n
−→ mSn0 (n)
pn,n−1
−→ · · ·
p4,3
−→ mS30 (3)
p3,2
−→ m0(2),
where the chain of nested subsets of the set of odd numbers
S3 ⊂ S4 ⊂ · · · ⊂ Sn ⊂ Sn+1 ⊂ . . .
is such that for all m ≥ 1 S2m+1, S2m+2 ⊂ {3, 5, . . . , 2m+1} . We denote by S =
∪n→+∞Sn the limit of this chain of subsets of the set of odd numbers. This limit
S will itself be a subset, possibly finite, infinite or even empty, of the set of odd
natural numbers of greater unity.
S ⊂ {3, 5, . . . , 2m−1, . . . } .
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We conclude that in the latter case an arbitrary subset S of the set of odd numbers
larger than one determines a naturally graded Lie algebra mS0 . This means in
particular that the Lie algebras of the form mS0 will be an entire continuum. 
Remark. We have already noted earlier that the growth function Fg(n) of an arbi-
trary N-graded Lie algebra g = ⊕+∞i=1 gi, generally speaking, is not always completely
determined by the dimensions of dim gi of its homogeneous components. But it will
be so, if its N-grading is natural [g1, gi] = gi+1.
Another important observation is that we constructed a continuum of pairwise
nonisomorphic linearly increasing Lie algebras mS0 . While, according to Mathieu’s
theorem [21], there is only a countable number of pairwise nonisomorphic simple
Z-graded Lie algebras of finite growth.
The appendix 1
A0. Naturally graded filiform Lie algebras.
algebra,
parameters
dimension,
basis
relations
m0(n),
n ≥ 2
n+1
a1, . . ., an, b1
[a1, b1] = a2, [a1, ai] = ai+1, i=2, . . . , n−1;
m1(2m−1),
m ≥ 3
2m
a1, . . ., a2m−1, b1
[a1, b1] = a2, [a1, ai] = ai+1, i=2, . . . , 2m−3;
[b1, a2m−2]=−a2m−1,
[aq, a2m−1−q] = (−1)
qa2m−1, q=2, . . .,m−1;
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A1. Central extensions of naturally graded filiform Lie algebras.
algebra,
parameters
dimension,
basis
relations
m
r1,...,rk
0 (n),
3≤r1<. . .<rk≤n,
rj=2sj+1, 1≤j≤k;
1≤k≤
[
n
2
]
, n ≥ 2
n+k+1
a1, . . ., an, b1,
br1 , . . . , brk
[a1, b1] = a2, [a1, ai] = ai+1, i=2, . . . , n−1;
j=1,. . . ,k: [b1, arj−1]=−brj and
[aq, arj−q] = (−1)
qbrj , q=2, . . .,
rj−1
2 .
m
r1,...,rk
1 (2m−1),
3≤r1<. . .<rk≤2m−3,
rj=2sj+1, 1≤j≤k;
0≤k≤m−2, m ≥ 3
2m+k
a1, . . ., a2m−1, b1,
br1 , . . . , brk
[a1, b1] = a2, [a1, ai] = ai+1, i=2, . . . , 2m−3;
[b1, a2m−2]=−b2m−1,
[aq, a2m−1−q] = (−1)
qb2m−1, q=2, . . .,m−1;
j=1,. . . ,k: [b1, arj−1]=−brj and
[aq, arj−q] = (−1)
qbrj , q=2, . . .,
rj−1
2 .
m
r1,...,rk
0,2 (2m),
3≤r1<. . .<rk≤2m−3,
rj=2sj+1, 0≤j≤k;
0≤k≤m−2, m ≥ 4
2m+k+2
a1, . . ., a2m, b1,
br1 , . . . , brk , b2m−1
[a1, b1] = a2, [a1, ai] = ai+1, i=2, . . . , 2m−2;
[b1, a2m−2]=−b2m−1,
[aq, a2m−1−q] = (−1)
qb2m−1, q=2, . . .,m−1;
[a1, b2m−1]=a2m, [b1, a2m−1]=−(m−1)a2m,
[aq, a2m−q] = (−1)
q(m−q)a2m, q=2, . . . ,m−1;
j=1,. . . ,k: [b1, arj−1]=−brj and
[aq, arj−q] = (−1)
qbrj , q=2, . . .,
rj−1
2 .
m
r1,...,rk
0,3 (2m+1),
3≤r1<. . .<rk≤2m−3,
rj=2sj+1, 0≤j≤k;
0≤k≤m−2, m ≥ 4
2m+k+3
a1, . . ., a2m, a2m+1,
b1, br1 , . . . , brk , b2m−1
[a1, b1] = a2, [a1, ai] = ai+1, i=2, . . . , 2m−2;
[b1, a2m−2]=−b2m−1,
[aq, a2m−1−q] = (−1)
qb2m−1, q=2, . . .,m−1;
[a1, b2m−1]=a2m, [b1, a2m−1]=−(m−1)a2m,
[aq, a2m−q] = (−1)
q(m−q)a2m, q=2, . . . ,m−1;
[a1, a2m] = a2m+1,
[ap, a2m−p+1] = (−1)
p+1(p−1)
(
m−p2
)
a2m+1,
p=2, . . . ,m;
j=1,. . . ,k: [b1, arj−1]=−brj and
[aq, arj−q] = (−1)
qbrj , q=2, . . .,
rj−1
2 .
B. Finite-dimensional Lie quotient-algebras of n±1 .
algebra,
parameters
dimension,
basis
relations
n±1 (2m),
m ≥ 2
3m
a1, a3, . . ., a2m−1,
b1, b3, . . ., b2m−1,
a2, a4, . . ., a2m
[b2p+1, a2q] = a2(p+q)+1, p+q≤m−1;
[a2p, b2q+1] = ±b2(p+q)+1, p+q≤m−1;
[a2p+1, b2q+1] = a2(p+q+1), p+q+1≤m.
n±1 (2m+1),
m ≥ 2
3m+2
a1, a3, . . ., a2m+1,
b1, b3, . . ., b2m+1,
a2, a4, . . ., a2m
[b2p+1, a2q] = a2(p+q)+1, p+q≤m;
[a2p, a2q+1] = ±b2(p+q)+1, p+q≤m;
[a2p+1, b2q+1] = a2(p+q+1), p+q+1≤m.
n±1,1(2m+1),
m ≥ 2
3m+1
a1, . . ., a2m−1, a2m+1,
b1, b3, . . ., b2m−1,
a2, a4, . . ., a2m
[b2p+1, a2q] = a2(p+q)+1, p+q≤m;
[a2p, a2q+1] = ±b2(p+q)+1, p+q≤m−1;
[a2p+1, b2q+1] = a2(p+q+1), p+q+1≤m.
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C. Finite-dimensional Lie quotient-algebras of n2.
, ,
,
dij 1.
n2(6m+q),
m ≥ 1,
1 ≤ q ≤ 4.
8m+ q + 1
f1, f2, . . . , f8m+q+1.
[fi, fj]=di,jfi+j ,
i+j ≤ 8m+q+1.
n2(6m+q),
m ≥ 1,
5 ≤ q ≤ 6.
8m+ q + 2
f1, f2, . . . , f8m+q+2.
[fi, fj]=di,jfi+j ,
i+j ≤ 8m+q+2.
n2,s(6m+1),
m ≥ 1,
s = 1, 2, 3.
8m+ 1
f1, . . . , f8m, c,
c=f8m+s, s=1, 2; c=f8m+1=f8m+2, s=3.
[fi, fj]=di,jfi+j ,
i+j ≤ 8m+s.
n2,s(6m+5),
m ≥ 1,
s = 1, 2, 3
8m+ 6
f1, . . . , f8m+5, c,
c=f8m+5+s, s=1, 2; c=f8m+6=f8m+7, s=3.
[fi, fj]=di,jfi+j ,
i+j ≤ 8m+5+s.
D. Finite-dimensional Lie quotient-algebras of n32.
, ,
,
dij 1.
n32(6m+q),
m ≥ 1,
1 ≤ q ≤ 4
8m+ q + 2
f1, f2, . . . , f8m+q+1, z
[fi, fj]=di,jfi+j ,
i+j ≤ 8m+q+1,
[f2, f3] = z.
n32(6m+q),
m ≥ 1,
5 ≤ q ≤ 6
8m+ q + 3
f1, f2, . . . , f8m+q+2, z.
[fi, fj]=di,jfi+j ,
i+j ≤ 8m+q+2,
[f2, f3] = z.
n32,s(6m+1),
m ≥ 1,
s = 1, 2, 3
8m+ 2
f1, . . . , f8m, c, z,
c=f8m+s, s=1, 2; c=f8m+1=f8m+2, s=3.
[fi, fj ]=di,jfi+j ,
i+j ≤ 8m+s,
[f2, f3] = z.
.
n32,s(6m+5),
m ≥ 1,
s = 1, 2, 3
8m+ 7
f1, . . . , f8m+5, c, z,
c=f8m+5+s, s=1, 2; c=f8m+6=f8m+7, s=3.
[fi, fj ]=di,jfi+j ,
i+j ≤ 8m+5+s
[f2, f3] = z.
.
Appendix 2. Quasifiliform Lie algebras.
Recall that for a filiform Lie algebra g, the length of its lower central series s(g) is
maximal for its dimension: s(g) = dim g− 1. It was quite natural to start studying
the next class of nilpotent algebras satisfying the property s(g) = dim g− 2. They
are called quasifiliform Lie algebras [13]. The starting point of this research was the
classification of naturally graded quasifiliform Lie algebras [14]. Naturally graded
quasifiliform Lie algebras, according to [14], can be divided into two subclasses:
1) direct sums g⊕K naturally graded filiform Lie algebras with one-dimensional
abelian Lie algebras;
2) naturally graded Lie algebras g = ⊕n−2i=1 gi, dim g1 = dim gk = 2 for some
k, 3 ≤ k ≤ n−2, in other cases dim gk = 1. Lie algebras of the second type also
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exist in our classification
mr0(n), r = 2l+1, 3 ≤ r ≤ n, n ≥ 3; m
r
1(2m−1), r = 2l+1, 3 ≤ r ≤ 2m−1,m ≥ 3;
m0,2(2m),m ≥ 4; m0,3(2m+1),m ≥ 4; n
±
1,1(4); n2,s(7), s = 1, 2, 3.
We give below a table of correspondence of the notation for naturally graded quasi-
filiform Lie algebras from [14] with Lie algebras from our list.
mr0(n−1) m
r
1(2m−1) m0,2(2m) m0,3(2m+1)
n2,s(7),
s=2, 3.
n±1,1(5)
[14] L(n,r)
Q(n,r),
n=2m+1
T(n,n−3),
n=2m+2.
T(n,n−4),
n=2m+3
Es(9,5),
s=2, 1.
E(7,3)
Remark. In [10], as a correction of the inaccuracy in [14], the Lie algebra E39,5
∼=
n2,1(7) was added to the list of naturally graded quasifiliform Lie algebras. However,
as we have shown earlier (the isomorphisms (27) the Lie algebra E39,5
∼= n2,1(7) is
isomorphic to T9,5 ∼= m0,3(7) (T(9,5) in notations from [14]). Thus, the classification
list of [14] does not require this additional Lie algebra.
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